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ABSTRACT. We study a class of functional differential equations x(z) = af (x(t — 1))
with periodic nonlinearity /: R = R, 0 < fin (A4,0) and f < 0 in (0, B), f(A) = f(0)
= f(B) = 0. Such equations describe a state variable on a circle with one attractive
rest point (given by the argument £ = 0 of f) and with reaction lag « to deviations.
We prove that for a certain critical value ¢ = g, there exists a heteroclinic solution
going from the equilibrium solution ¢ — A to the equilibrium ¢ = B. Fora — a, > 0,
this heteroclinic connection is destroyed, and periodic solutions of the second kind
bifurcate. These correspond to periodic rotations on the circle.

Introduction. Consider a state variable on a circle with one attractive rest point,
and with a delayed reaction to deviations. A simple differential equation for such a
system is

y(s)=f(y(s —a)), a>0,
or equivalently
(af) x(1) = af (x(1 = 1)),
where the function f: R — R is periodic with minimal period -4 + B, 4 < 0 < B,
f(A4)=0=f(0)=f(B),0<fin (A4,0) and f < 0 in (0, B). We regard the delay a
in the original equation as a parameter to be varied.

There are many interesting and complicated phenomena of bifurcation, partly
understood or still to be studied, which occur in the set of solutions with values in
(A, B)—where f satisfies the condition £f(§¢) < O for £ # 0 for negative feedback
with respect to the zero solution. The aim of the present paper, however, is different.

Several years ago, T. Furumochi [5] proved that, under additional hypotheses on f,
there exists a parameter interval I such that, for all a € I, equation (af) has a
periodic solution of the second kind; that is a solution x: R — R which satisfies

x(t)=x(t+p)—(-4A+ B) foreveryt €R,

with some minimal “period” p > 0. This corresponds to a periodic rotation of the
state variable on the circle. Such solutions cannot arise in local bifurcation from
equilibria.

In the theory of O.D.E’s, say for vector fields on a cylinder, creation and
destruction of periodic solutions which wind around the cylinder are well known.



Loosely spoken, they are due to the fact that the one-parameter family considered
crosses the set of vector fields with homoclinic orbits around the cylinder. We refer
the reader to [1, Chapter VIII and 3, Chapter 10]. For an interesting method in R”,
n > 2, see Sil’nikov [10].

We prove in this paper that for suitable functions f the same type of bifurcation
exists for the functional differential equation (af): There is a parameter a, = a,(f)
with a heteroclinic solution x°: R — R of (a,f) in the (one-dimensional) unstable
manifold of the equilibrium ¢ — A4, lim,, . X°(¢)= B. For a — a, > 0 small
enough, the heteroclinic connection is destroyed, and in every neighbourhood of
(ay, X°|[-1,0]) there exist pairs (a, ¢) with a > a so that ¢ is the initial condition
for a periodic solution of the second kind of (af).

The precise result is stated in Theorem 2 at the end of §4. The assumptions on f
are given at the beginning of §2. They are designed in such a way that the proofs for
existence and destruction of the heteroclinic solution do not become too lengthy.
The final section, §5, shows that equations discussed by Furumochi [5] satisfy our
assumptions. They describe a phase-locked loop for the control of a high frequency
generator. Generalizations of our approach on how to find heteroclinic solutions are
very well possible.

Existence of heteroclinic solutions of retarded functional differential equations
was also proved by Hale and Rybakowski [8]. An entirely different idea, applying to
a local problem of this type, is sketched in a report of Chow and Mallet-Paret [4].
For proofs possibly related to this idea see a paper in preparation of Mallet-Paret
and Nussbaum [9].

The bifurcating periodic solutions of the second kind are obtained from a fixed
point argument. For parameters a close to a, we construct a self-mapping P, of a
subset D, of a hyperplane transversal to the local unstable manifold of the equi-
librium ¢t —> A so that fixed points define the desired periodic solutions. This
construction requires information on solutions close to the equilibria given by 4 and
B. In our case these equilibria are hyperbolic. Estimates of the type we need were
proved by Chafee [2], but for a slightly different situation with a center manifold at
the critical parameter. We collect the analogous properties in Theorem 1 in §3. A
proof will not be given since it is too close to Chafee’s. But we choose notation
similar to the one used in [2] in order to facilitate writing it down.

The crucial assumption for P, to become a self-mapping is that attraction to B in
the local stable manifold is stronger than repulsion in the local unstable manifold.
The corresponding property of the characteristic equation for the linearization of
(af ) at B should also imply that the periodic solutions which we obtain are stable
and attractive. A proof would require more detailed knowledge on the local
hyperbolic behaviour of the semiflow of (af). For reasons of length we have not
attempted to include this in the present paper.

1. Preliminaries. Let C and C. denote the Banach spaces of continuous real and
complex functions on the interval [-1,0], with supremum-norm. For the constant
function on [-1,0] with value {, we shall sometimes write ¢,. B(§) stands for the
closed ball of radius § > 0 in the space C.



Define x, by x,(8):= x(¢ + 8) for § € [-1,0] whenever x is a real or complex
function on some set D € Rwith [t — 1,1] € D, ¢t € R. Let a continuous function g:
R — R be given. Let a > 0. A solution of the functional differential equation
(ag) x(1) = ag(x(t - 1))
is either a differentiable function x: R — R which satisfies (ag) everywhere, or a
continuous function x: [-1, c0) = R which is differentiable on R* := (0, ) and

satisfies (ag) for every ¢ > 0. In the linear case g = id, complex-valued solutions of
equation

(aid) x(t) =ax(t —1)
are defined in the same way.
For every ¢ € C, a and g as above, there is a unique solution x = x(¢, a, g):

[-1, 0) — R of (ag) with x, = ¢. To prove this and the next statements one may
use the formula

x(1) = x(0) + af'g(x(s = 1) ds = x(0) +a [ go0

for ¢t € [0,1], and iteration on the intervals [n, n + 1], n € N.
We have continuous dependence on initial values and parameters: Let 7 > 0,
¢ € C,a> 0 and g be given. Then for every ¢ > 0 there is § > 0 with
sup |x(¢, a, g)(1) —x(¢',a’, g)(1)| < e
te[-1,T]
for all ¢’ and a’ with |¢ — ¢'| < § and |a — a’| < 6.

PROPOSITION 1. Suppose g satisfies a Lipschitz condition and A, C R™ is bounded.
Let T>0. Then there exists a constant k = k(A,, g, T) with |xp(¢,a, g) —
xr(¢',a, 8)| < klp — ¢'| forall ¢, ¢’ € Candalla € A,,.

We recall a few facts about the linear equation (a id) (see [6] for proofs). The
relation T, (t, ¢) = x, for ¢ > 0 with the solution x: [-1, 00) = C of (a id), x, = ¢,
defines a strongly continuous semigroup 7,: [0, 00) X Cc — C¢ of bounded linear
operators. The spectrum of the infinitesimal generator G, coincides with the zeros of
the transcendental function A ,: A > A — ae~*. Every such zero A is an eigenvalue of
G,, and the algebraic multiplicity is equal to the order of A as a zero of A .

PROPOSITION 2. (i) For every a > O there is precisely one positive zero u(a) of A,.
u(a) is a simple zero.

(i1) The map a — u(a) is analytic and strictly increasing with lim ,_,, u(a) = 0.

(iii) Re A < log a for every a > 0 and for every zero N\ # u(a) of A . In particular,
lim,_ ,sup{Re AJu(a) # A € A7}(0)} = —o0.

PROOF OF (iii). Let A,(A) = 0, A # u(a). There are no real zeros except u(a).
Nonreal zeros occur in complex conjugate pairs. Therefore we may assume\ = u + iv
with u € R, v > 0. Then 0 < v = ae™“sin(-v). log a < u would imply ae ™ < 1, or
0 < v < sin(-v) = —sin v, a contradiction.

For proofs or methods on how to derive the results in the next part of this section
the reader should consult e.g. [6 and 2). We consider compact parameter intervals



A, < R* such that for every a € 4, there is no zero A of A, with nonnegative real
part except u(a). Proposition 2 shows that max 4, < 1 is sufficient for this.

It follows that for every a € A, there is a decomposition C = P, & Q,, into closed
linear subspaces which are invariant with respect to the operators 7,(¢, -), with
P, =R®, ®,(0)=e““? for § € [-1,0]. The projection p, onto P, associated with
the decomposition is explicitly given by p ¢ = (¥, ¢) ,®, for ¢ € C, where

(¥,09), = L, 06(0) + a [ ¥,(0 + 1)5(0) a0
and

¥, (0) =1+ ae “@] e @ forf € [0,1].

Solutions with segments x, in Q, tend to zero as ¢t — + oo, and nontrivial solutions
with segments x, in P, increase exponentially. In fact, the latter are multiples of
t— e“(“)'.

We come to the saddle point property for nonlinear equations. Suppose for
simplicity that g: R = R is continuously differentiable, g({) = 0 for some real
number {, and g’({) = 1. Then one can prove, for a parameter interval 4 as above:
There exist positive constants § = 8( A4y, g), 8’ = 8(A4y, g), L =L(Ay, g), K=
K(Ay, 8), ¥ =7v(A4p, g) and two families of maps u,,;: P, N B(8) > Q,, s
Q,N B(8) = P,,a € A, such that for every a € A4 the following holds true.

(i) #,4(0) = 0, 5,(0) = .

(1) u,, and s, satisfy a Lipschitz condition with Lipschitz constant L.

(iif) The graph of u,,, is tangent to P, at ¢ = 0, the graph of s, is tangent to Q,, at
¢ =0.

(iv) For every ¢ € P, N B(8) there exists a solution x* = x*(¢, a, g), defined on
R, of (ag) with x§ = ¢, + ¢ + u,,(¢) and with

llg:

[x} — ¢ < Ke¥'|¢p — ¢¢| forallt < 0.
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(v) If x: R = Ris any solution of (ag) with |x, — ¢| < 8’ for all # < 0, then there
exists ¢ € P, N B(8) with xy = ¢; + ¢ + u,,(¢), and x = x*(¢, a, g).

(vi) For every ¢ € 0, N B(§), the solution x: [-1, o) = R of (ag) with x, = ¢,
+ ¢ + 5,,(9) satisfies

X, — bel < Ke "|(b¢ + ¢ + 5,,(0)) — ¢ forallz>0.

(vii) If x: [-1, o) — R is any solution of (ag) with |x, — ¢ < 8" for all > 0,
then there exists ¢ € Q~u N B(8) withx, = ¢, + ¢ + sug(qb).~

Moreover, for every 6 € (-8, §"), the map 4, 3 a - u,,(6®,) € C s continuous.

The sets U, ($):= {¢ € Cly = ¢y + ¢ + u,,(¢) for some ¢ € P, N B(§)} and
S 8)={¢y€ClYy=19¢;+ ¢+ 5,/(¢) for some ¢ € Q, N B(§)} are called local
unstable and local stable manifolds of {, or of ¢,.

Let K denote the open convex cone of positive continuous functions in C. The
representation of p, given above shows

PROPOSITION 3. p, K C K for every a € A,

Part of U,,({) is contained in ¢; + (K U {0} U —K). This follows from tangency

property (iii) above and from P, € K U {0} U —-K, but we do not need this here and
the proof is omitted.

2. Equations with heteroclinic solutions. We specify a nonlinear function f: R - R
and a parameter interval A4;: Let a continuously differentiable function f:R->R
and real numbers 4 <0, B> 0,r >0, £, §, begiven with 4 + 2r < §, <&, < —r
< r < B — r so that the following conditions are satisfied.

Y

A

A A+r £ Ll -1
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(H1) fis periodic with minimal period -4 + B.

(H2) f(A4) = 0,0 < fin (4,0), /(0) = 0,/ < 0in (0, B).

(H3)|f|<r/2in(A—r,A+r)U(-r, B—r].

(H4) There exists ¢ € (0, 1) with | f(£)| < q|¢ — A|forallé € (A —r, A + ).

(HS) a*:= f(A) is positive with loga*< —u(a™), where u = u(a™) satisfies
u=a'te™

(H)p € C, 4 <9<§,00) =& imply§, + [fedp<éyandy € C ¢ < ¥ <
£, ¢(0) = §, imply B tr<&H+ [fed.

We define f(£):= f(£)/a" so that f'(4) =1. We choose a~ in (0, a™) with
la”f| < ronall of R, and we set 4, := [a~, a*].

Proposition 2 and a"< a < a” imply log a < loga* < —u(a™) < -u(a). It follows
that 4, is a compact parameter interval in R™ such that for every a € 4, there is no
zero A of A, with nonnegative real part except u(a). Also, f satisfies a Lipschitz
condition. Therefore all the results of the preceding section apply to g:= f and to
A,. f and A4, will be kept fixed from now on. We shall omit the argument f. For
example, we write x(¢, a) and u, instead of x(¢, a, f) and u,s, and we consider
solutions of equation

(a) x(1) = af (x(r - 1)).

PROPOSITION 4. For a € A, and for every solution x: R — R of equation (a) with
lim, ,_ x(t)=A and with |x(t)— A|<r for all t <0, either x,€ ¢, + K on
(-90,0], or x, = ¢, on (00,0}, or x, € ¢, — K on (-0, 0].

PROOF. (a) The sign conditions on f, the uniqueness property for the initial value
problem and the fact that equation (a) is autonomous imply that in case x, = ¢,
(x, €04+ K) (x,€¢, — K)) for some t <0, x, = ¢, (x, €, + K) (x, € ¢,
— K))on/[t,0].

(b) Let x, = ¢, for some ¢t < 0. Assume x, # ¢, for some s < ¢. Then there exists
t* <t—1 with x =4 on [¢*,0] and x(t* + 0) # 4 for some # € [-1,0). Hence
x(t* + 8 + 1) # 0 which leads to a contradiction.

(c) Let x, # ¢, for some ¢t < 0. (b) shows x, # ¢, on (-00,0]. In order to prove
x, € ¢, + (KU -K) on (-0,0], assume x, & ¢, + (K U —-K) for some s < 0. Let
r’i=sup,|x, — ¢, = sup,_|x(0) — A|. Then 0 < r’ < r. Choose s* < s with gr’
<|x(s*) — Al < r’.Wehave0 # x. — ¢, € KU —K (otherwisex, — ¢, € KU -K
because of (a)). Therefore x(s* + ) = A for some § € [-1,0], and

x(s*) = 4 +fs % =4 +]s af (x(o — 1)) do.
s*+6 s*+6
Using (H4) we find
qr’ <|x(s*) — 4| < fs qlx(o — 1) — A|do < gr’,
s*+6

a contradiction.

(d) Altogether: x, = ¢, for some t < 0 gives x = 4 on (-0,0]. x, # ¢, for some
t < 0 gives x, € ¢, + (K U -K) on (-0,0] (see (c)). In case x, € ¢, + K there is
no s < 0 with x; € ¢, — K since this would imply x, € ¢, — K (see (a)). Therefore,



X, € ¢, + K on (-00,0]. In the same way we obtain x, € ¢, — K on (-o0,0] if
X, € ¢, — K.

We choose positive constants 8, = §(A4,, f), 8, = 8'(A,, f), L, = L(A,, f), k, =
K(A4,, f) and y; = y(4,, f) such that the saddle point properties stated in §1 hold
true for { = A, and moreover 8, < §,, k; > 1. Set

8,:= (2(L, + 1)(k, + 1)) 'min{8,, r}.

Choose § € (0, 8,). The map 4, @ a = ¢,:= ¢, + 8P, + u,(8®,) € C is continu-
ous, with

¢, — o4 <8+ L8 <min{8,,8,,r}/(k; +1).

(Recall|®,| = 1.)

For a € 4,, let x*: R — R denote a solution of equation (a) with x§ = ¢, and
with |x¢ — ¢,| < ke™|¢p, — ¢4| for all £ < 0. Clearly |x? — ¢,| < min{r, §,} for all
t <0,and lim,_,__x“t) = A.

PROPOSITION 5. x¢ € ¢, + K on (-00,0],i.e. x* > A on (-00,0].

PROOF. p,(x§ — ¢,) = 6@, # 0 yields x§ # ¢,. Proposition 4 now shows x? € ¢,
+ K on (-00,0], or x/ € ¢, — K on (-0,0]. x5 € ¢, — K would imply 6@, =
p.(x§ — ¢,) € —K (see Proposition 3), a contradiction.

Note that the last argument also justifies a part of Figure 1: It proves that the set
{p € U(AD|p=9¢,+¢+u, () with y € P, " K and || < 8,} is contained in
¢, + K. In §4 we shall make use of

REMARK 1. x{ € U,(A) forevery t < 0.

Proor. For every ¢ < 0, there exists a solution X: R — R of equation (a) with
X, =x/ and |%| < 8, =8'(4;, f) on (—o0,0]—namely, %(s)= x%(s + ¢) for all
s € R.

We want to single out a set H C A, such thatlim,_, x“(¢) = Bforalla € H. We
define A" := {a € A;|x? > B for some t >0}, A~ = {a € Ay]-r/2 <x! <B—
r/2 for some ¢t > 0}. A" and 4~ are open subsets of 4;. The next results show that
both are nonempty.

PROPOSITION 6. (1) For every a € A, there exists t(a) > 0 with A < x¢ < -r/2 in
(—o0, t(a)) and x4(t(a)) = -r/2. We have x* > 0 in (-o0, t(a) + 1].

(i) x* < rin[0, ).

(iii) There exists t > 0 withx* > Bon[t — 1, 1].

PROOF. (i) Let a € 4,. We have ¢, € ¢, + Kand |¢p, — ¢, <r,and 4 < x“ < 4
+ r on (-0,0]. 4 <¢, <A + r and equation (a) show that x¢ is increasing on
[0, 00) until it reaches the value —r/2 at some time t(a) > 0. On [t(a) — 1, t(a)],
A < x4%s) < -r/2. Hence x* > O on [t(a), t(a) + 1].

(ii) Set x:= x“. Then x, < A + r < r. Suppose there exists s > 0 with x(s) = r
and x < r on [-1, s). It follows that x(s) > 0. |a”f| < r implies |X| < r. Therefore
0<xon[s—1,s]

Case1: 0 < x(s — 1). Then x(s) < 0, a contradiction.

Case II: x(s — 1) = 0. Then x(s) = 0 + [’_, X < r, a contradiction.



(iii) Set x:= x%". We have 4 < x < —r/2 on (-0, t(a*)), lim,_,__x(1) = 4 and
x(t(a*)) = -r/2,and 0 < x on(-o0, t(a™)). It follows that there exist t, < ¢, < t(a™*)
with x(t,) = &, x(t,) = §,.|xg — ¢4l <rand 4 + 2r < £, give 0 < ¢,. (H6) yields

x(, +1)=¢ + ftl+1f(x(s - 1)) ds < ¢&,,

thereforer; + 1 < t,and §;, < x < §,0on [z, — 1, ¢,]. Furthermore,

x(t,+1)=¢, +/t2+1f-(x(s —1))ds>B+r

(see (H6)). (H3) shows -r/2 < x, and we obtain B < B + (r/2) < x on the interval
[, + 1,¢, + 2].

COROLLARY l.a*€ 4, a € A"
PROPOSITION 7. A N A = @.

PROOF. (a) Let a € A™. Then x? > B for some ¢t > 0. Assume there exists s > ¢
with x%(s) = B, x*> B on [t —1,s). Then x%s) < 0. —-r/2 < x? gives (B <)
x*<B+r/2 in [s — 1,5). Hence x%(s) > 0, a contradiction. It follows that
x4 > Bon|t—1,00).

(b) Let a € A™. Then -r/2 < x?! < B — r/2 for some ¢ > 0. Assume there exists
s > twith x4(s) € {-r/2,B},and -r/2 < x* < Bon[t —1,s).

Case 1: x%(s) = -r/2. Then x%(s) < 0. -r/2 < x* implies x* < 0 on [s — 1, s];
-r/2 < x%s — 1) < 0; 0 < x%s), a contradiction.

Case II: x%(s) = B. Then x“(s) > 0. There exists s’ € (¢, s) such that x%(s’) = B
—r/2and B—-r/2 <x*<Bin(s’,s). If s’ +1<s, then x%(s) = af (x%(s — 1))
< 0, a contradiction. If s € (s',s" + 1), then 6 — 1 €[t — 1, 5) for all o € [s, 5]
which gives -r/2 < x% 6 — 1) < B, and x%(o) < r/2. This implies r/2 = x%(s) —
x4s"y= [ix¢<r(s—5")/2 <r/2, acontradiction.

It follows that —r/2 < x“ < B on [¢, o0).

(c)(a) and (b) imply A " N A" = .

COROLLARY 2. The set H:= A, — (A~U A") is not empty and compact.

For the proof of Proposition 14 in §4 we also need

REMARK 2. For every solution x: R — R of equation (a), a € 4,, with x, > B for
some ¢ € R, x(s) does not converge to B as s tends to + co.

PrROOF. We may proceed as in the proof of Proposition 7 and find x > B on
[t — 1, ). Suppose lim,_, , , x(s) = B. Then thereexistss € RwithB<x < B +r
on [s, c0). But now, x > 0 on [s + 1, c0) which leads to a contradiction.

PROPOSITION 8. For every a € H there exists z(a) € R such that x* <0 in
(—o0, z(a)) and x%(z(a)) = 0. We have 0 < x° in [z(a), z(a) + 1) and B — r < x°
< B+ rin[z(a)+ 1, c0).

PROOF. (a) a € H implies x“(¢(a) + 1) > B — r/2: In case x*(t(a) + 1) < B —
r/2, -r/2 < x* < B —r/2 on (t(a), t(a) + 1], and there exists s > t(a) + 1 with
-r/2 <xé<B-r/2,ora€ A"



(b) We have x“ > 0 in [#(a), t(a) + 1] so that there exists z(a) € (t(a), t(a) + 1)
with x%(z(a))=0 and x* <0 on [t(a), z(a)). It follows that 4 < x? <0 on
(—00, z(a)). Hence x“ > 0 on [z(a), z(a) + 1), and x%(z(a) + 1) = x%t(a) + 1) >
B —r/2.

(c) Assume x“(t) > B + rforsomet > z(a) + 1. Thenx* > B + r/2on[t,t + 1],
ora € A", a contradiction.

(d) Assume x“(t) < B — r for some ¢ > z(a) + 1. There exists s > z(a) + 1 with
x%(s)=B —randx“> B —ron[z(a)+1,s). Wehave x? > Qon(z(a), z(a) + 1].
Therefore x“ > 0 on (z(a), s). -r/2 < x* implies x* < B—r/2 on [s —1,s5]. It
follows that a € 4 ~, a contradiction.

PROPOSITION 9. lim,_, , ., x“(¢) = B for every a € H.

PROOF. Leta € H. Set x:= x“ z:= z(a). Wehave x > 0in[z, z + 1).

(a) x(z + 1) > B. Proof: x(z + 1) < B and equation (a) imply that either 0 < x
< B on (z + 1, o), or that there is a zero z’ > z + 1 of x with —r/2 <x <0 on
(z + 1, z” + 1). In the first case, x(#) decreases to 0 as ¢ goes to + co. In both cases
one obtains a € A, a contradiction.

(b) It follows that there exists b; € (z, z + 1) with x < B on (z, b,), x(b,) = B,
B<x<B+ron(b,z+1.0n(z+1,b, +1),x<0.

(¢) x(b; + 1) < B. Proof: Assume B < x(b; + 1). Then B < x < B + r on (b,
b, + 1), and consequently 0 < x in (b; + 1, b; + 2). We find some ¢t > b, + 1, ¢
close to b, + 1, with B < x on [z, t + 1]. But this means a € A ¥, a contradiction.

(d) It follows that there exists b, € (z + 1,b; + 1) with B<x <B +r in
[z +1,b,), x(b,)=B, B—r <x < B in (b,, b; + 1]. Obviously, 0 < x in (b, +
1, b, + 1).

(e) B < x(b, + 1) < B + r. Proof: Compare the argument in (a).

(f) Proceeding by induction one finds a sequence (b,) with the following proper-
ties:

by<z4+1<by<b +1,
B<x<x(z+1)<B+r in(by,b,),

b,<b,.,<b,+1<b,,, foralln €N,

B—-r<x(b,+1)<x<B

i f eN{Odd
B<x<x(bn+1)<B+,.} in (b,,1, b,4,) forn

even.

(g) The local extrema x(b, ., + 1), n > 2, satisfy

|x(bn+1 + 1) - Bl = |x(bn+1 + 1) - x(bn+2)l
b,

b,
<f"+l a|f°x|<f"”a|f°x|
bﬂ

bysa—1

< [""'qlx(s) = Blds (withb, <b,.,—1)
b,

n

< qlx(bn—l + 1) - Bl'
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Here we have used (H1), (H4) and |x — B| < r in [b;, ), a < a™. The inequalities
obtained above imply lim,_, ,  x(¢) = B.

We set a,:= max H < a*. Then a € A™ for every a € (a,, a*]. We shall prove
that for a > a sufficiently close to a, there exists a periodic solution of the second
kind which is close to the union of the orbits of the heteroclinic solutions x“ +
j(B— A),j L.

3. Convergence to the unstable manifold. It is convenient to represent the sets
U,(A4), S,(A4) for a close to a, as graphs of maps which are defined on fixed
domains in the spaces P,:= P, and Q,:=-Q, . For this, and for several estimates
which we need, we adapt results of Chafee [2] to the equation

(ah) w(t) = ah(w(t — 1))
with the shifted nonlinearity h, h(§) = f(§ + A) = f(§¢ + B) for £ € R, so that
h(0) = 0.

We write ug, @, ¥, pg, 90, (*, *)o instead of u(ay),...,(+, -),- Set x(8):= 0 for
-1 <0 <0andx(0):=1, Y:= (¥, x)o = ¥,(0).

THEOREM 1. There exist positive constants w, u,, u,, Uy and k, > k,, a continuous
function h,: R — R with h, = h on [-p, u], an open interval A, with a, € A, C 4,
and continuous maps u: R X A, = Q, s: Q, X A, — R such that for every a € A, we
have:

@) u(0,a) = 0 and |u(y, a) — u(y’, a)| < |y — y'|forally,y’ € R, 5(0, a) = 0 and
I5(¢, a) = 5(¢', a)| < |9 — ¢/| for &, ¢’ € Q.

(ii) For every ¢ € U,:= {y®, + u(y, a)|y € R} there exists a solution w* =
w*(¢, a): R — R of equation

(ahp) W(t)=ahﬂ(w(t— 1))
with wy = ¢ and w, € 170 for every t € R. Moreover, w¥ = y(t)®, + u(y(t), a) for
every t € R with the solution y: R — R of the initial value problem
y=uyy+ YOX(y(I)O +u(y,a), a), y(0) = (¥, ¢)os
where X(¢, a) = ad(-1) — agp(-1) + ah,($(-1)) — ag(-1) for every ¢ € C.



(iii) ug < uy < u, < uy < -log a, and

|21, ¢, a) —u(y(1, ¢, a), a)| < kpe™“|¢|
for all t > 0 and all € C, where z(1, ¢, a):= quw,, y(1, ¢, a):= (¥y, w,), with the
solution w: [-1, 0) = R of (ah,) with wy = ¢.
@iv) |w,| < kae™ "' |wy| for every t > 0 and every solution w: [-1, c0) = R of (ah,)
with Wo = Sa:= {S((I), a)(I)O + ¢|¢’ € QO}

We write Uy:= U, , S,:= §,_. Statement (i) for u and statement (ii) of Theorem 1
are proved in the same way as Theorem 4.1 of [2]. The proof of (iii) parallels the
proof of Lemma 4.2.1 and of the resulting Theorem 4.2 of [2]. Part (i) as regards s,
and part (iv) correspond to [2, Theorem 6.1].

Note that (iii) tells the rate of convergence of solutions to the “graph” of u(-, a):
The left-hand side of the estimate equals

lw, = (y(t, ¢, a)®, + u(y(1, 9, a), a))l

COROLLARY 3. There are constants k3 > k, and 8, € (0, 85) and an open interval
A3 C A,, ay € Az, such that for all a € A5, all $ € U, N B(8,) and all t <0,
W (o, a)| < kyet'/?|).

ProoF. Choose §; > 0 and an open interval 4; 3 g, in 4, so small that

Yo X(y®y + u(y, a), a)| < (uo/2)lyl
for all a € 45 and all y € (-4, 8;). Let y, € (-8, 8;), a € A,. Consider the maxi-
mal solution y of the initial value problem
y=upy + YOX()’(I)O"'“()”Q),G), y(0) = yp.
For ¢ < 0 with | y| < 8;in [7,0] and for ¢ < s < 0, the variation-of-constants formula
yields
uys 0 u (s—o0)
()1 < eyl + ["e = (ue/2)1y(0)| do,

and Gronwall’s lemma implies |y(s)| < e“*/?|y,| < |y} It is now easy to obtain
|y(2)] < e“'/?|y,| for all t < 0. Choose 8, > 0 with [(¥,, ¢),| < 8; for |¢| < §,,
8, < 8,. For ¢ € U, N B(§,) and y, = (¥,, ¢),, we find

()] < e 2| yp(0)] < e 2|( ¥y, ¢ )
< e"2(1 + ay)¥,(0)|¢|
for every ¢t < 0. Finally, we may use |w*(¢, a)| < 2|y(¢)|for allz € R.
In order to avoid a reference to a result with a lengthy proof in [2] we show

COROLLARY 4. There exist 85 € (0, min{y, 8,}) and an open interval A, C A, with
ay € A, such that for every a € A, and for every solution w: [-1, c0) — Rof (ah) with
|w| < 8, we have wy € S,.



PROOF. (a) The definition of 4 and the properties of equation (a) imply that for
every a € A, and for every solution w: [-1, c0) — R of (ah) with |w| < 8,, wy = ¢ +
s,(¢) for some ¢ € O, N B(5;).

(b) Set 85:= (1/k,)min{p, 8,}. Leta € A,. We claim {¢ + s(p, a)Py|¢p € O, N
B(95)} c {¢ + s,(¥)|l¥ € Q,N B(8,)}. Proof: The solution w: [-1,00) - R of
(ah,) with wy = ¢ + s(¢, a)®y, a € 4,, € Q, N B(85) satisfies |w,| < min{p, §,}
on [0, 00) (see Theorem 1(iv)). It follows that it is also a solution to (ah), with
wy = ¢ + 5,(¢) for some y € Q, N B(§,) (see (a)).

(¢) Choose 85 € (0, min{p, 8,}) with |¢,|0s < 85, and an open interval A, C A,
with a, € 4, and |p, — po|l < 1/(4 L, + 1)) for a € A,. Let a € A,. Consider
¢ € B(8;) with ¢ =y + s,(¢) for some ¢ in Q, N B(8,). We show ¢ = ¢ +
5(&, a)®, for $1= qup: First, |$] < qol |6] < ;. Hence ¢ + s(&, )Py = ¥ + 5,(¥)
for some Y € Q, N B(8,) (see (b)). Suppose Y # ¢. With qo(xp + s,(¢)) = q0(¢) =

= qo(® + 5($, ) ) = go(¥ + 5,9), it follows that ¢ — § + 5,(¥) — 5,(¥) =
po(zp + 5,(4)) = Po(¥ + 5,(¥)). Hence

V=9 =p, (¥ +5,(8)) = p.(¥ + 5,(8)) + o (¥ + 5,(¥)) = po(¥ + 5,(¥))
= (Pa - Po)(‘z - 4’) +(Pa - Po)(sa(‘p) - sa(llf)),

0+#|y— 11/| 4|¢ 4/|+ 4|4/ Y], a contradiction. Therefore ¢ = ¢/, or ¢ = ¢ +
s.(¥) =¥ + 5,(¥) = ¢ + 5($, a)®, with ¢ € O N B(8%).

(d) Let a € 4,, and consider a solution w: [-1, 00) = R of (ah) with |w| < §s.
Then |w| < §,, and consequently, w, = ¥ + s,(¢) for some ¢ € Q, N B(§;). Now
use (c) to complete the proof.

The following series of propositions prepares the application of the inequality
Re A < —u(a) for eigenvalues A # u(a) of G,, a € 4.

PROPOSITION 10. There exist constants k, > k5, 8 € (0, 8;) and an open interval
As C A, with ay € Ag such that for every a € As, for every T > 0 and for every pair of
solutions w, w: [-1,00) = R of (ah) with |w| < 8 and |w| < & on [-1, T'], we have
(w, — W,| < ke™|wy — Wyl forallt € [0, T].

ProoFr. This is an application of Gronwall’s lemma to the variation-of-constants
formula for (ah), for a close to a,. Note that the spectral radius of G, is given by u,
so that

|Tao(l’ ¢)| < k4€(u°+(u17u0)/2)l|¢|

for every t > 0, ¢ € C, with some constant k, > 1. It is then convenient to write
ah(§) = apé + (aé — apé + a(h(§) = §)) for a, £ € R, and to consider § = (- )
as a perturbation of g id. The details are left to the reader.

PROPOSITION 11. There are positive constants 84, 83 with 84 < 8, and 2| py|k 05 <
05 < 8/2k such that for every a € A and for every solution w: [-1, o) = R of (ah)
with wy = ¢ € B(8;) — S, there exists T = T($, a) > 0 with | powy| = 8, | pow,| < 8,
on[0,T),|w| < 8on[-1,T].



PROOF. (a) Take &, and & with k8 < &, 2| polk,05 < 8, < 8,/2k,, 28, + k&
< 6.

(b) Let a € A5, ¢ € B(8;) — S,. 83 < & < &, and Corollary 4 shows that there
exists 7" > 0 with |w| < § on [-1, 7") and |w| = & for the solution w = w(¢, a):
[-1,0) = R of (ah), wy = ¢. §; < 8; < p implies that, on [-1, T"], w coincides with
a solution of (ah,), and Theorem 1(iii) gives |gow;, — u((\I'O, wr)o> a)| < k8,
hence |gowr| < ky 8 + |powr| Here we have used k, < kg, |u(y,a)| <|y| for
(y,a) € R X szPOWT = (Yo, wr) oo, || = 1.

We claim 8, <|powy|. Proof: Suppose | powy| < 8,. Then & = |wp| < | pows| +
lgowr| < 8, + k85 + 8, < &, a contradiction.

(¢) We have | pows| = | pod| < | Pol 9] < | Pol8s < 2| polk 48y < 8;. It follows that
there exists T = T(¢, a) € (0, T") such that | pyw,| = 8, and | pow,| < 8, on [0, T').
Finally, T < T’ gives |w| < §;on [-1, T].

The estimate

9] < 1909l + | Pod — s(qod, @) ol + |s(god, a) By

< 1900! + | Pod — 5( g9, a) D] + |ge9| for (¢,a) € Cx 4,
shows that we can choose §, € (0, 8;) and n; > 0 so that |¢| < & for all (¢, a) € C
X A5 which satisfy |gob| < 8, and | pop — 5(qo9, a)Po| < m,

PROPOSITION 12. There exists a constant ks > k, such that for every (7, ¢, a) €
(0,m) X C X A5 with |qe9| < 85 and 0 < | pod — s(qg, a)®o| < m, we have |gowr —
u((¥o, wr)gs a)| < ksn“2/* for T = T(¢, a), with the solution w = w(¢, a): [-1, o)
— Rof (ah) and w, = ¢.

PROOF. (a) Let (n, ¢, a) be given as above. Then |$| < 8.0 < | ped — 5(go9, a)®,|
gives ¢ ¢ S,, and we may apply Proposition 11 to the solution w = w(e, a):
[-1, 00) — R of (ah) with w, = ¢.

lpyd 1 = 6,

(qO¢ a)q)

qo¢ %o

/ lpo¢l:87

FIGURE 4



(b) Set Yi= gop + 5(4op, ) € 5, Then |qo¥| = lqool < 8, and |pod
s(qo¥, a)®y| = 0 < 7n < ny, hence || < §;. The solution w: [-1, o) = R of (ah,)
with w, =  satisfies |[W,| < k,e™*'|y| < k,8; for every r > 0. Because of k,8; < k85
< 85 < p, w is also a solution of (ah), and we may apply Proposition 10 to w and w,
on the interval [0, T']. We find

87 = |powrl < |polkse™ |6 — Y| + | powyl
<|pol(kse | — | + ko |])
< | polkae™™ + | polk,85 < | polk 4™ + 8,/2,

or

1 5,

2k
1 <T, -u,T< y—zlog“l—poln.

08577 1 =
g2k4|Po|’7 U 8,
On [-1,T], |w| < & < p, and w is also a solution of (ah ) so that Theorem 1 yields
lgowr — u((¥o, wr)o, a)| < kye™7|¢] < k238(2k4|l70|/37)uZ/ulnuZ/u‘~
We may also achieve |w| > 0 and |w| > 0 on [T — 1, T'] for w, sufficiently small

and not in the local stable manifold. This will serve as a transversality condition for
the construction of the Poincaré map in the next section.

U

PROPOSITION 13. There exists §,, € (0, 8,) with the following properties.

(@) (9, a) € B(8,0) X As implies|qup| < 8y and | pep — s(qop, a)Po| < ;.

(it) For (¢, a) € B(8,y) X As with 0 < |pp — s(qup, a)®,|, the solution w =
w(¢, a): [-1, ) — R of (ah) with wy, = ¢ and the number T = T(¢, a) satisfy T > 1
and eitherw > 0andw > 0on[T — 1,T),orw <0andw <0on[T -1, T].

(i) Let a € As. The map {¢ € B(8,4)|pod # 5(qop, a)®y} 2 ¢ > T($,a) € R
is continuous.

PROOF. Choose 8, with 0 < (| po| + |g])8:0 < min{8y, n;}, (1 + q)%8,0] pol < 8.
This implies (i).

For a solution w = w(¢, a): [-1, 00) = R of (ah) with a € 4,5, wy = ¢ € B(8,,),
0 <|pop — s(go$, a)®y| < m,, the hypotheses of Proposition 11 are satisfied since
|g0®| < 85 and 0 < |pgp — s(qoP, a)®y| < 1y, or |$| < & and ¢ & S,. We obtain
|powr| = 84, |pow,| < 8, 0n [0, T) for T = T(¢, a), and |w,| < 8 < r on [0, T] (see
the proof of Proposition 11).

(a) Weclaim T > 1. Proof: Fort € [0,1],

t, -1
()] =) + [5] <0+ [Tanes

-1
=8+ j:tl laf (¢(s) + A)|ds < 8,9+ g85 < 8:/|pol < Iwrl.

Together with |¢| < 8,5 < 8,/| pol, we find sup,_, ;;|w| < |w|. Hence T > 1.
(®) [wr_1| > (1 + ¢)8, since |wy_,| < (1 + q)8,, would imply

W] =T =1+ ["ahon| < (1+ @)+ a1 + )2y

< 8,/|pol <Iwql
for everyt € [T — 1, T], a contradiction.



(c) Takes; € [-1, T — 1] with |w(s,)| = sup;_; r_y)|w|. Because of (b) and |¢| < 8,
there exists s, € (0, T — 1] with |w(s,)| = sup(_, 7—_ylw|and |w| < |w(s,)|on[-1, s,).
We have 1 < s, since 0 < s, < 1 would imply

0 <pw(s,)| =‘w(0) + [ ahos

< 8y + g8y < [wr_y| < |w(s,)ls

a contradiction.
Claim: w;, < 0 or w, > 0. Proof: Suppose w,, & K U —K. Then there is a zero
z€[s, —1,5,]of w,z > 0. We find

S sy —1
O<|W(Sz)|=’/zw = /2 ahow
z z—1
sy — 1
=17 af(w(s) +4) ds| < g sup Iwl < qlw(s,)l,
z—1 [-1.s,—1]

a contradiction.

(d) Altogether, 1 <s, and w,, € KU -K. Assume w, € K. Equation (ah) and
the estimate |w| < r on [-1, T'] imply w > 0 on [s,, T — 1]. This shows w,_; € K,
and w >0 on [T — 1, T], finally w; € K. For w, <0, the analogous argument
yields w;, < 0,w <Oon [T —1,T].

(e) PROOF OF (iii). Let a € 45 and ¢ € B(§,,) be given with pyy # s(q,¢, a)®,.
Set w:= w(y, a). Assume wz € K and w > 0 on [T —1,T] for T = T(y, a). Let
e € (0,1) be given so that wz,, > wz. On [0, T —¢l, | pow,| < 8,, and | powz, | =
(Yo, Wz, ) > (¥, Wr) = 8. Continuous dependence of solutions on initial values
shows that there exists p > 0 so that ¢ € B(8,,) and |¢p — | < p imply | pow,| < 8,
on [0, T —e] and | powy, | > 8, for w = w(¢, a). This yields T(¢, a) € [T —¢, T +¢]
provided p,¢ # s(qq9, a)®,. The proof in case wy € —K is similar.

4. Bifurcation of periodic solutions of the second kind. The initial values for the
desired periodic solutions will arise as fixed points of Poincaré maps which are
defined on subsets of the hyperplane ¢, + 8,9, + Q,. In order to construct these
maps we rewrite results of §2 on the solutions x“ in the unstable manifolds U,(A)
now in terms of the reparametrized unstable manifolds of Theorem 1.

For a € A4, consider the function

Rt >4+ wH(8,0 + u(8;,a),a)(t) €R.
Corollary 3 shows |[w*(- -+ )(t)| < kse*'/?28; on (-o0,0]. We have 2k;8, < § < p
(see Proposition 11). It follows that ¥ — A is a solution to equation (ah) for ¢t < 0,
and X“ is a solution to equation (a) on (-o0,0]. Moreover, X§ = ¢, + 8,9, +
u(8,, a) and lim,,__x“t)= A (Corollary 3). We define X R —> R to be the
solution of equation (a) with X* = %% on (-00, 0], and x%:= x%.

PROPOSITION 14. (i) For every a € Asand everyt < 0,%x" € ¢, + K.

(ii) There exists ty > O with X0 € ¢ + S, for everyt > t,, andlim,_, , x°(t) = B.

(iii) For every a € A5 with a > a, there exists t > 0 with X! € ¢+ K, and
XOE ¢p+ {6+ (9, a)Dolo € Qy N B(p/2ky)} for every s € R.



PROOF. (a) Proof of (i). Let a € A5. We have
1X“(2) — Al = [w*(- - - )(1)] < 2k;8,%0"72 < §ge!/? < reto!/?

on (-o0, 0], and Proposition 4 yields X5 € ¢, + (K U -K); note x§ — ¢, € §,9, +
Qq, Or Xy * ¢,. X5 € ¢, — K would imply 8,®, = p,(X§ — ¢,) € —K, a contradic-
tion. Therefore X§ € ¢, + K, and Proposition 4 gives x¢ € ¢, + K forallt < 0.

(b) We show that for every a € A5 there exist 6 < 0 and s < 0 with x2 = X?: Let
a € As. |X! — ¢4/ < 8, on (-00,0] implies x* — ¢, = ¢, + u,(¢,) for every t <0,
with some 5, € P, = R®, (see the statement of the saddle point property in §1 and
the choice of 8, in §2). (i) and the monotonicity of p, (Proposition 3) glve

=p, (X! — ¢,) € K for t < 0. Moreover, lim,_,_ ¢, =lim,,__ p,(X°— ¢,) =

Now consider the solutions x ¢ from §2. Remark 1 says that x? — ¢, = ¢, + ua(q),)
for every ¢t < 0, with ¢, € P,. Propositions 5 and 3 show ¢, = p,(x? — ¢,) € K for
all £ < 0. Also, ¢, = p,(x{ — ¢,) converges to 0 as ¢ tends to —c0. Now P, = R®,
implies p,(x¢ — ¢,) = ¢, = ¢, = p,(X¢ — ¢,) for some o <0, s < 0. Therefore,
xi=Xx¢andx%(t +o0)=Xx%t+ s)forallz > -1.

(c) Proposition 9 and (b) show lim,_, , Xx°(¢) = B. There exists ¢, > 0 with
|x%(s) — B| < 8 for s >t,— 1. Let t > t,, We may apply Corollary 4 to the
solution -1 < s = X% + s) — B of (ayh), and assertion (ii) is proved.

(d) Proof of (iii). Let a € A5, a > a,. Then a € A*, and x? > B for some ¢ > 0.
(b) shows X{,_,,,, = x{ > B, with ¢ < 0, s < 0. The first argument in (a) above says
that X < 4 + r < B on (-00,0]. Therefore (¢ — o) + s must be positive, and the
first part of assertion (iii) is shown. Remark 2 implies that x“(z) does not converge
to B as f tends to + 0o. Assume X = ¢z + ¢ + s(¢, a)®P, with ¢ € Q0 N B(u/2k;)
for some s € R. The solution w: [-1,00) > R of (ah,) with wy = X{ — ¢ =¢ +
s(¢, a)®, satisfies |w| < pand lim,_, .  w(?) = 0 (see Theorem 1(@iv)). It follows that
w is also a solution to (ah). Hence w(¢) = X“(t + s)— B for all > 0, and
lim,_, . Xx“(t) = B, a contradiction.

Now we are ready to construct Poincaré maps. Choose §;; with 0 < 3§8,; <
min{ 8y, n/(2k;|qo)} and 7 > 1 with x° — ¢, in S, N B(8,,). Then

0= Po(x _¢‘B)_S(‘10( ¢B) )q)o-

The continuity of the map 45 2 a — X € C implies the existence of a; > a, with
[ay, a;] C A5 and X¢ — ¢, € B(28,,) for every a in [a,, a,]. Proposition 14(iii) and
the inequality |g, (X7 — ¢5)| < 190281, < p/2k; imply

0 # po(X¢ = ¢5) = s(qo(X¢ — ¢3),a)®, fora, <a<a.

We define n(a):= |py(X: — ¢p) — s(qo(X2 — ¢p), a)®P,| for a; < a < a;. The
map a — n(a) is continuous with n(a,) = 0 < n(a) foray < a < a;.

We know from Proposition 1, applied to equation (a), that there exists a constant
kg > ks with |x (¢, a) — X7| < k¢|p — Xg| for every a in [ay, a;] and for every
¢ € C. Of course, x(¢, a): [-1, 00) = R denotes the solution of equation (a) with
xo(9,a) = ¢

We choose 7, € (0, 1,) so small that for 0 < n < n,, k¢ks(3n/2)>/* < §,, and
(I pol + 190D keks(3n/2)*2/* < m/2. It is here that we exploit u, > u; which was a



consequence of the crucial hypothesis on the characteristic values of the linearized
equation.

Next, we choose a, € (a,, a,] so that for a, < a < a,, n(a) < n,/2. For this
range of parameters a we define

D,:= {¢ € Clpo(¢ — d4) = 8,P, |¢ — X§| < ks(3n(a)/2) “Z/ul}
as the domain for a Poincaré map. Clearly x§ € D,. D, is closed, bounded and
convex.

PROPOSITION 15. Let a € (a, a,].
(i) We have |x (¢, a) — ¢5| < 8,5 and
0 <|po(x,(9,a) = ¢5) = s(qo(x,(9, a) — ¢5), @) ®| < 3n(a),2

for every ¢ € D,.

(ii) The map P,: D,3 ¢ = X, 1y o)(9,a) —dp + ¢, € C, where ¢ = Y (¢) =
x,(¢, a) — ¢g, is continuous.

(i) po (P — ¢4) = 879, for every ¢ € D,.

PROOF. (a) Proof of (1). ¢ € D, gives

Ix, (¢, a) — X2| < kglp — X§| < keks(3n(a)/2) nm < 61,

hence
1x,(¢, a) — ¢5l < |x,(9, @) = X7| + |X7 — ¢4
< 8yy + 28, < 8y

Furthermore,
l[Po(xr(‘P» a) = ¢5) = s(qo(x,(9,a) — ¢3), a)d)o]
- { Po(f: - ¢‘B) - s(‘lo(ff — ¢5), a)®0}|
< |P0(xf(¢, a) - ’7:)| + |q0(x7(¢, a) - ff)|

< (1pol + |‘Io|)k6k5(3"7(0)/2)uZ/u1 <n(a)/2.
The definition of n(a) now implies[--- ] # 0, and also [ - - - ]| < 3n(a)/2.

(b) Proof of (ii). Assertion (i) and Proposition 13(ii) show that for ¢ € D, and ¢ as
above, T = T({, a) is defined, with | pow;| = 8, and | pgw,| < 8, on [0, T) for the
solution w = w(¥y, a): [-1,00) = R of (ah) with w, = . Moreover, w; € K and
w>0on[T—-1,T],orw,€ -Kand w <0 on [T — 1, T]. We have w(y, a)(t) =
x(¢, a)(t +t) — B for every ¢t > -1. It follows that the map P, above is well
defined, with

Po =X irya P51t 4= WT(¢,a)(‘1/» a) + ¢y,

Y = Y(¢) = x.(¢, a) — ¢, for all ¢ € D,. Proposition 13(iii), together with con-
tinuous dependence of solutions on initial values, implies continuity.

(c) We show P,X§ — ¢, € K. Proposition 14 gives x; > ¢ for some ¢ > 0. This
yields X* > B on [t — 1, o0); compare the proof of Proposition 7.

(ca)Incase0 <t <7+ T(Y(x§),a),x*>Bon[r+ T(---)—1L 7+ T(--- )],
or P.xg — ¢, = X{yr.y— ¢5>0.

(cb) The case 7 + T(Y(x5), a) < t.



(cba) B < x“(s) for some s € [T — 1, 7]. Proof: Suppose X¢ < B. Then B — r <
X? < Bbecause of X? € ¢ + B(28,;) and 28,; < &, < r.

(cbaa) —r < x® on [T — 1, 00). Proof: Suppose )?“(f) < -r for some 7> 1 — 1.
B — r < X¢implies that there exists 7 > 7 with X > —ron[7 — 1, ¢) and X(7) = -r.
Hence X“(f) < 0. On the other hand, X* > —r/2, hence -r/2 > x%(f — 1) > -r, and
x4(t) = af (x*(t — 1)) > 0, a contradiction.

(cbab) X“ < B on [T — 1,00). Proof: Suppose x%1)= B for some > — 1.
X¢ < B implies that there exists > 7 with X“(f) = B and X“ < B on [t — 1, 1).
Then Xx“(f)> 0. We have > 7+ 1 since B—r<x°<B on [r— 1,7] gives
x*<0on[r,r+1]. -r<x*<Bon[f—2,f—1]C[r— 1 00) shows X* < r/2
on [f — 1, f]. Therefore B > x°(f — 1) > B — r/2, or x%(t) = af (X°(f — 1)) < 0, a
contradiction.

(cbac) The preceding property contradicts x* > B on [t — 1, o0), and assertion
(cba) is proved.

(cbb) We have P, x§ — ¢, € K U —K (see (b)). It remains to exclude

(+) X rg.m < B where ¢ = ¢ (X§),

in the case under investigation. Inequality () implies that there is some s, € (s, 7 +
T(¢, a)) with X%(s,)=B and X° < B in (S0, T+ T(Y,a)], and s, +1 <7+
T(Y, a). X* > -r/2 gives B> x> B — r/2 on (Sg, 8o + 1]. As in (cba), we infer
X“ < B on (s, ). This contradicts x* > Bon [t — 1, c0).

(d) Proof of (iii). P, is continuous with P,(D,) C (¢, + K) U (¢, — K) (see (b)).
D, is connected. ¢, + K and ¢, — K are disjoint open subsets of C. (c) shows
P;'(¢,+ K)+ @.Then P; (¢, — K)= &,and P,(D,) C ¢, + K.

Let ¢ € D,. The monotonicity of p, now implies p,(P,¢ — ¢,) € K. We have
|po(Po — ¢4)| = 8§, (see (b)), and it follows that p,(P,p — ¢,) = 8,D,.
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COROLLARY 5. For every a € (a,, a,), P, has a fixed point ¢,, and there exists a
periodic solution of the second kind x(a): R — R of equation (a) with x(a)[-1,0] =
¢, € D,.

ProoF. (a) We show P,(D,) C D,: Let ¢ € D,. It remains to prove that |P,¢p —
X8| < ks(3n(a)/2)*>/*. Proposition 15(i) says that Y := x_(¢, a) — ¢ is contained
in B(8,,), and 0 < |pyy — s(qo¥, a)®| < 3n(a)/2. We apply Proposition 13(i) and
Proposition 12 and find |gowr; — u((¥y, wr)o» @)| < ks(3n(a)/2)*>/* for T =
T(y, a) and for the solution w = w(y, a): [-1,00) = R of (ah) with w, = ¢.
Moreover,

P — X5 =wr+ &y — X = powr — Po(X§ — 4) + qowr — 4o (X§ — @)
= Po(Pa¢ - ¢A) _Po(fg - ¢A) + qowr — ‘Io(’_cg - ¢A)
= 6,0y — 8,9, + gowr — u((\l'o» X6 — ¢4)0 a)
(see Proposition 15(iii)).
With
(\I’o, WT)oq)o =PWr = Po(Pa¢ — ¢y) = 8,0, = Po(fg - ¢A) = (‘I'o, X5 — ¢A)0q)0»
we obtain

1P — X5 = lgowr — u((¥o, wr)o, a)| < ks(3n(a)/2) o,

(b) P,(D,) is relatively compact: P,(D,) C D, is bounded, all P,¢, ¢ € D,, are
differentiable because of T(Y¥(¢), a) + 7 > 7 > 1, and the derivatives of the func-
tions P,¢ are bounded by a maxg| f|.

(c) Schauder’s fixed point theorem implies existence of a fixed point ¢, of P,. For
the solution x: [-1, 00) » R of equation (a) with x, = ¢,, we have x., 7y ., — ¢5
+ ¢, = ¢,, where y:= x,_ — ¢, and it is easy to complete the proof.

REMARK ON BIFURCATION. Let ¢ > 0 be given. Then one can choose & > 0 so
small that for a, <a < a, + 8, |x] — x¢| < &/2 and ks(3n(a)/2)"/" <e/2. It
follows that |¢, — Xo| < & for every fixed point of P,.

We collect results in

THEOREM 2. Let real numbers A < 0, B > 0, r > 0 and a continuously differentiable
function f: R = R be given so that hypotheses (H1)—(H6) are satisfied. Then there
exists a parameter interval [a, a,) # @, a continuous curve [a,, a,) D a > ‘e C
of initial values, and a set valued mapping (ay, a,) > a— F,C C, F,# @ for all
a € (ay, a,), with the following properties.

(1) For each a € [a, a,) there is a solution x*: R — R of equation
(a) x(t) = af (x(1 - 1)),
where (&) = f(£)/f'(A) for all ¢ € R, so that X¢ = ¢° and lim,_,__ X°(t) = A.

(ii) lim,_, ,  X“(t) = B and, for every a € (a,, a,), X°(t) does not converge to B
as t tends to + 0.

(iii) For every a € (a,, a,) and for every ¢, € E, there exists a periodic solution of
the second kind x(a): R — R of equation (a) with x(a)|[-1,0] = ¢,.

(iv) For every given neighbourhood V of X§° there exists & > 0 such that F, cXxp+V
foray, <a<ay+ 8.



5. An example. Let p € (7/2, 7) be given. We set £, (£):= p(sinw — sin(£ + w))
for £ € R and w € [0, 7/2). The equations (af ) witha > 0 and f:= f, /f/(7 — 2w),
w € [0, 7/2), model phase-locked loops for the control of high frequency generators
(see e.g. [S]).

THEOREM 3. There exists w, € (0, w/2) such that for every w € (wy, 7/2) the real
numbers

A= A,= -n— 2w, B:== B,:= 7 — 2w,
ri=r,==B,/3=(71-20)/3, &i=4& ,=A,+tw, &Hi=§ = -0
and the function f satisfy
(*) A+2r<é <é,<-r<r<B-r

and conditions (H1)-(H6).

PROOF. (*) holds true provided 27/7 < w < /2, and (H1) and (H2) are clearly
satisfied.

(a) There exists w, € (27/7, 7/2) such that for every w € (w,, 7/2), -1, /2 < f,,
<r,/2in (A, —r,, A, +r,)U (-r,, B, — r,]. Proof: It is enough to show that
-r,/2 <min f, = f, ((7/2) — @) and that f (B, + r,) <r,/2 for « sufficiently
close to 7/2. Set Gy(w)= f,(7/2) — @) =p(sinw — 1), H(w):= -r/2 =
~(m — 2w)/6, Gy(w):= f (B, + r,) = p(sin @ — sin((47 — 2w)/3) + w)),
Hy(w):=r,/2 = (7 — 2w)/6 for all w €R. Then G,(7/2)=0 = H/(7/2) and
G/(m/2)=0 for j € (1,2}, H{(m/2)=1/3, Hy(m/2) = -1/3. This implies the
assertion. 4

(b) There exists w, € (w,, 7/2) such that for every w € (w,, 7/2), f, <1 in
[4,—r,, A, + r]. Proof: Choose w} € (w,, 7/2) with

B,+r,=47—-20)/3<(n/2)+(7—-2w)/2=B,/2+7n/2
for all w € (w), 7/2). Then f/ is nonnegative and increasing on [B, — r,, B, + r,.].
It remains to show that for « sufficiently close to 7/2, 1> f/(B, +r,)=
—pcos((47 — 2w)/3) + w), which is obvious.

(c) There exists w; € (w,, 7/2) such that for every w € (w5, 7/2), a = fi(A,)
satisfies loga) < -u(a). This follows from f/(A,) = -pcos(-7 — w), from
lim,_,, loga = —c0 and from lim,_,,, u(a) = 0.

(d) There exists w, € (w5, 7/2) such that for every w € (w,, 7/2) we have
$lot Jfucd <&, provided g € C, A, < ¢ <&, =¢0),and B, +r,<§,, +
foo¥providedy € C, & , <y < £, =(0). Proof: Let w € (w3, m/2). For every
¢ € Cwith4, < ¢ < ¢, = ¢(0) we obtain

Lot [fuco<d,+ o+ (4, +0)

=-7—w+p(sinw —sin(-7)) < ~w=§&,

because of p < 7. Furthermore,

0t ff:,,° Y>-w+f(-w)= -0+ p(sinw — sin(0)) = -w + psinw
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in case ¢, <y¢<é,,=v(0), y€C. Recal B, +r,=47r—2w)/3. Set
G3(w)i= —w + psinw, Hy(w):= 47 — 2w)/3 for v € R. Then G,(7/2) = —(7/2)
+ p >0 = Hy(m/2), and the desired estimate follows by continuity for « suffi-
ciently close to 7 /2.

(e) Let w € (w,, m/2). (), (b), (¢), (d) imply (H3), (H4), (HS), (H6), respectively.
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