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Abstract.Right one-way jumping automata (ROWJFAs) are an automaton model that was recently
introduced for processing the input in a discontinuous way. In [S. BEIER, M. HOLZER: Properties
of right one-way jumping finite automata. In Proc. 20th DCFS, number 10952 in LNCS, 2018] it
was shown that the permutation closed languages accepted by ROWJFAs are exactly that with a
finite number of positive Myhill-Nerode classes. Here a Myhill-Nerode equivalence class [w]r, of a
language L is said to be positive if w belongs to L. Obviously, this notion of positive Myhill-Nerode
classes generalizes to sets of vectors of natural numbers. We give a characterization of the linear
sets of vectors with a finite number of positive Myhill-Nerode classes, which uses rational cones.
Furthermore, we investigate when a set of vectors can be decomposed as a finite union of sets of
vectors with a finite number of positive Myhill-Nerode classes. A crucial role play lattices, which
are special semi-linear sets that are defined as a natural way to extend “the pattern” of a linear set
to the whole set of vectors of natural numbers in a given dimension. We show deep connections of
lattices to the Myhill-Nerode relation and to rational cones. Some of these results will be used to
give characterization results about ROWJFAs with multiple initial states. For binary alphabets we
show connections of these and related automata to counter automata.
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1 Introduction

Semi-linear sets, Presburger arithmetic, and context-free languages are closely related to each
other by the famous results of Ginsburg and Spanier [11] and Parikh [15]. More precisely, a set is
semi-linear if and only it is expressible in Presburger arithmetic, which is the first order theory
of addition. These sets coincide with the Parikh images of regular languages, which are exactly
the same as the Parikh images of context-free languages by Parikh’s theorem that states that
the Parikh image of any context-free language is semi-linear. Since then semi-linear sets and
results thereof are well known in computer science. Recently, the interest on semi-linear sets has
increased significantly. On the one hand, there was renewed interest in equivalence problems on
commutative languages [13] which obviously correspond to their Parikh-image, and on the other
hand, it turned out that semi-linearity is the key to understand the accepting power of jumping
finite automata, an automaton model that was introduced in [14] for discontinuous information
processing. Roughly speaking, a jumping finite automaton is an ordinary finite automaton, which
is allowed to read letters from anywhere in the input string, not necessarily only from the left
of the remaining input. Moreover, semi-linear sets were also subject to descriptional complexity
considerations in [3] and [5].

The tight relation between semi-linear sets and jumping automata is not limited to this
automaton model, but also turns over to right one-way jumping automata as shown in [1,2].
Right one-way jumping automata (ROWJFAs) were introduced in [4] and allows the device to
process the input also in a discontinuous way with the restriction that the input head reads
deterministically from left-to-right starting from the leftmost letter in the input and when it
reaches the end of the input word, it returns to the beginning and continues the computation.
Most questions on formal language related problems such as inclusion problems, closure prop-
erties, and decidability of standard problems concerning ROWJFAs were answered recently in
one of the papers [1,2,4]. One of the main results on these devices was a characterization of
the induced language family that reads as follows: a permutation closed language L belongs to
ROWJ, the family of all languages accepted by ROWJFAs, if and only if L can be written
as the finite union of Myhill-Nerode equivalence classes. Observe, that the overall number of
equivalence classes can be infinite. This result nicely contrasts the characterization of regular
languages, which requires that the overall number of equivalence classes is finite.

In this paper we deepen the understanding of the Myhill-Nerode equivalence relation given
by a subset of N¥ as defined in [10]. For a subset S C N and the induced Myhill-Nerode
relation, an equivalence class is called positive if and only if the vectors of the class lie in S.
We characterize in which cases linear sets have only a finite number of positive equivalence
classes in terms of rational cones, which are a special type of convex cones that are important
objects in different areas of mathematics and computer science like combinatorial commutative
algebra, geometric combinatorics, and integer programming. A special type of semi-linear sets
called lattices is introduced. Their definition is inspired by the mathematical object of a lattice
which is of great importance in geometry and group theory, see [6]. These lattices are subgroups
of R that are isomorphic to Z* and span the real vector space R¥. Our semi-linear lattices are
defined like linear sets, but allowing integer coefficients for the period vectors, instead of only
natural numbers. However our lattices are still, per definition, subsets of N¥. Lattices have only
one positive Myhill-Nerode class and can be decomposed as a finite union of linear sets with
only one positive Myhill-Nerode class. We give a characterization of the lattices that can even
be decomposed as a finite union of linear sets with linearly independent period sets and only one
positive Myhill-Nerode class and again get a connection to rational cones. That is why we study
these objects in more detail and show that the set of vectors with only non-negative components



in a linear subspace of dimension n of R¥ spanned by a subset of N¥ always forms a rational
cone spanned by a linearly independent subset of N* if and only if n € {0,1,2, k}. These result
has consequences for the mentioned decompositions of lattices. We show when a subset of N*
can be decomposed as a finite union of those subsets that have only a finite number of positive
Myhill-Nerode classes. That result heavily depends on the theory of lattices.

The obtained results on lattices are applied to ROWJFAs generalized to devices with multiple
initial states (MROWJFAs). This slight generalization is in the same spirit as the one for ordinary
finite automata that leads to multiple entry deterministic finite automata [8]. We show basic
properties of MROWJFAs and inclusion relations to families of the Chomsky hierarchy and
related families. A deep connection between the family of permutation closed languages accepted
by MROWJFAs (the corresponding language family is referred to pMROWJ) and lattices is
shown. This connection allows us to deduce a characterization of languages in pMROWJ
from our results about lattices and decompositions of subsets of N¥. We also investigate the
languages accepted by MROWJFAs and related languages families for the special case of a
binary input alphabet and get in some cases different or stronger results than for arbitrary
alphabets. We can show that each permutation closed semi-linear language (these are exactly
the languages accepted by jumping finite automata) over a binary alphabet is a accepted by a
counter automaton. Furthermore, each language over a binary alphabet accepted by a ROWJFA
is also accepted by a realtime deterministic counter automaton. Our results for lattices lead to
a characterization, which is stronger than the one for arbitrary alphabets, of the languages
over binary alphabets in pMROWJ: these are exactly the languages which are a finite union
of permutation closed languages accepted by a ROWJFA, which are characterized by positive
Myhill-Nerode classes as stated above.

2 Preliminaries

We use C for inclusion and C for proper inclusion of sets. For a binary relation ~ let ~T and ~*
denote the transitive closure of ~ and the transitive-reflexive closure of ~, respectively. In the
standard manner, ~ is extended to ~", where n > 0. Let Z be the set of integers, Q be the set
of rational numbers, R be the set of real numbers, and N (Q>0, R>q, respectively) be the set of
integers (rational numbers, real numbers, respectively) which are non-negative. Let k£ > 0. For a
set T C {1,2,...,k} with T' = {t1,ta,...,t;} and t; < ty < --- < ty we define Mg T * Nk — NIl
as
Ter(XT1, T2, ..., k) = (T4y, Tpys - - -, zI;tIT‘).

The elements of R* can be partially ordered by the <-relation on vectors. For vectors « and y
with ,y € R* we write & < y if all components of  are less or equal to the corresponding
components of y. The value ||x||; is the taxicab norm of x, that is,

k
||(£B1,$2, s amk)Hl = Z |CB@’,
=1

and the value ||z||2 is the Euclidean norm of x, that is,

[|(x1,22,...,2k)|]2 =

For a set S C R” let span(S) be the intersection of all linear subspaces of R* that are supersets
of S, which vector space is also called the linear subspace of R¥ spanned by S. For a linear



subspace V of R¥ let dim(V) be the dimension of V. For a finite S C Z* the rational cone
spanned by S is cone(S) = { > ,.csNi @i | A € Ryo} C R*. A linearly independent rational
cone in R¥ is a set of the form cone(S) for a linearly independent S C ZF. Each rational cone
is a finite union of linearly independent rational cones, see for example [16]. For r € R>( define
B.(x) = {z € R* | ||z — x||2 < r}, the ball of radius r around x, and for a set S C R¥ and
AeRIlet AS={Az|zeS}tand S+x={z+x |z S}

For a ¢ € N¥ and a finite P C N¥ let

Le,P)={c+ > X-mi | MeNp and La(e,P)={c+ > X-m| MeZ pnN-
x;,€EP x;, P

By definition, L(c, P) C La(c, P). The vector c is called the constant vector whereas the set P
is called the set of periods of L(c, P) and of La(e, P). Sets of the form L(c, P), for a ¢ € N¥
and a finite P C N* are called linear subsets of N¥, while sets of the form La(c, P) are called
lattices. A subset of N¥ is said to be semi-linear if it is a finite union of linear subsets. For
a ¢ € N¥, anatural number n > 0, and 1, x2, ..., 2, € N¥ we have that La (¢, {z1, 22, ..., Tn})
is equal to the set of all y € N¥ such that there exists A1, 1, Ao, (42, - -+, Ans tin € N with
c+y Ny =y+> ., pixs, which is a Presburger set. Since the Presburger sets are exactly
the semi-linear sets by [11], every lattice is semi-linear. In order to explain our definitions we
give an example.

Ezample 1. Consider the vector ¢ = (4,4) and the period vectors p; = (1,2) and p2 = (2,0).
A graphical presentation of the linear set L(e, P) with P = {p1,p2} is given on the left of
Figure 1. The constant vector ¢ is drawn red and both periods p; and p2 are depicted in blue.
The black dots indicate the elements that belong to L(e, P). The lattice La(e, P) is drawn in

0 1 2 3 4 5 6 T 8 9 10 1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10

Fig. 1. The linear set L(e, P) with ¢ = (4,4) and P = {p1,p2}, where p1 = (1,2) and p2 = (2,0) drawn on the
left. The black dots indicate membership in L(e¢, P). The lattice La(e, P) is depicted in the middle. Here the black
dots refer to membership in La(e, P). On the right a representation of La(e, P) as a linear set is shown. Again,
the constant vector 0 is shown as a red dot and the period vector are colored blue.

the middle of Figure 1. Again, the constant vector is colored red, while both periods are in
blue. Since now integer coefficients are allowed, there are new elements compared to L(e, P)
that belong to La(e, P). On the right of Figure 1 it is shown that the set La(c, P) can be written
as a linear set by using the constant vector 0 and the three period vectors drawn in blue, that
is, La(e, P) = L(0, {p1, p2,p3}), where ps = (0,2).

An important result about semi-linear sets is that each semi-linear set can be written as a
finite union of linear sets with linearly independent period sets [9]:



Theorem 2. Let k > 0 and S C N¥ be a semi-linear set. Then, there is m > 0, vectors
c1,¢2,...,cm € NF, and linearly independent Pi, Py, ..., P,, C N* such that S = UL, L(cs, P).

Now, we recall some basic definitions from formal language theory. Let 3’ be an alphabet.
Then X* is the set of all words over Y, including the empty word A. For a language L C X*
define the set perm(L) = Uyer perm(w), where perm(w) = {v € X* | v is a permutation of w }.
A language L is called permutation closed if L = perm(L). The length of a word w € X* is
denoted by |w]|. For the number of occurrences of a symbol a in w we use the notation |wl,. If X
is the ordered alphabet X = {ai,as,...,ax}, the Parikh-mapping v : X* — N¥ is the function
w = (|wlay, [Wags - -, |wla, ). The set ¥(L) is called the Parikh-image of L. A language L C X*
is called semi-linear if its Parikh-image (L) is a semi-linear set.

For a language L C X* let ~ be the Myhill-Nerode equivalence relation on X*. So, for
v,w € X*, we have v ~p w if and only if, for all v € L™, the equivalence vu € L < wu € L
holds. For w € X*, we call the equivalence class [w]~, positive if and only if w € L. For k > 0 and
a subset S C N* the equivalence relation =g on N* was defined in [10] as follows: for x, y € N¥,
we have & =g y if and only if (x +2) € S & (y+2) € S, for all z € N*. For € N¥, we
call the equivalence class [x]= positive if and only if € S. We will also refer to =g as the
Myhill-Nerode equivalence relation. If L C X* is a permutation closed language and v,w € L
we have v ~p w if and only if ¥(v) =y ¥(w). So, the language L is regular if and only
if NI¥I/ =y (1) is finite.

Let REG, DCF, CF, and CS be the families of regular, deterministic context-free, context-
free, and context-sensitive languages. Moreover, we are interested in families of permutation
closed languages. These language families are referred to by a prefix p. E..g., pREG denotes
the language family of all permutation closed regular languages. Let JFA be the family of all
languages accepted by jumping finite automata, see [14]. These are exactly the permutation
closed semi-linear languages.

A right one-way jumping finite automaton with multiple initial states (MROWJFA) is a
tuple A = (Q, X, R, S, F), where @ is the finite set of states, X is the finite input alphabet, R
is a partial function from Q x X to @, S C @ is the set of initial or start states, and F' C @Q
is t he set of final states. A configuration of A is a string in QX*. The right one-way jumping
relation, symbolically denoted by 04 or just O if it is clear which MROWJFA we are referring
to, over QX is defined as follows. For p € ) we set

Yrp={be X | R(p,b) is defined },

and if there is no danger of confusion we simple refer to X'g, as X),. Let p,q € @, a € X,
w e X*. If R(p,a) = ¢, then we have paw O qw; otherwise, in case R(p,a) is undefined, we get
paw O pwa. So, the automaton jumps over a symbol, when it cannot be read. The language
accepted by A is

Lr(A)={we X |3seS,feF:swO" f}.

We say that A accepts w € X* if w € Lr(A) and that A rejects w otherwise. Let MROWJ
be the family of all languages that are accepted by MROWJFAs. Furthermore, in case the
MROWJFA has a single initial state, i.e., |S| = 1, then we simply speak of a right one-way
jumping automaton (ROWJFA) and refer to the family of languages accepted by ROWJFAs
by ROWJ. Obviously, by definition we have ROWJ C MROWJ. We given an example of a
ROWJFA:

Ezample 3. Let A be the ROWJFA A = ({qo0,¢1,92,93},{a,b}, R, qo,{q3}), where the set R
consists of the rules gob — q1, goa — q2, @2b — q3, and g3a — ¢o. The automaton A is



Fig.2. The ROWJFA A.

depicted in Figure 2. To show how ROWJFAs work, we give an example computation of A on
the input aabbba:

qoaabbba O geabbba 2 gzbbaa O gaabb O? gsba O gab O g3

That shows aabbba € Lr(A). Analogously, one can see that every word that contains the same
number of a’s and b’s and that begins with an a isin Lr(A). On the other hand, no other word can
be accepted by A, interpreted as an ROWJFA. So, we get Lr(A) = {w € a{a,b}* | |w|, = |wl|s }
Notice that this language is non-regular and not closed under permutation.

The following characterization of permutation closed languages accepted by ROWJFAs is
known from [2].

Theorem 4. Let L be a permutation closed language. Then, the language L is in pROWJ
if and only if the Myhill-Nerode relation ~1, has only a finite number of positive equivalence
classes.

3 Lattices, Linear Sets, and Myhill-Nerode Classes

Because of Theorem 4 a permutation closed language is in ROWJ if and only if the Parikh-
image has only a finite number of positive Myhill-Nerode equivalence classes. In this section we
will study these kind of subsets of N*. Linear sets and lattices will play a key role in our theory.
We will investigate decompositions of subsets of N¥ as finite unions of such subsets that have
only a finite number of positive equivalence classes. This will lead to characterization results
about the language class pMROWJ in the next section.

3.1 Connections Between Linear Sets and Rational Cones

It was pointed out in [12] that “rational cones in R? are important objects in toric algebraic
geometry, combinatorial commutative algebra, geometric combinatorics, integer programming.”
In the following we will see how rational cones are related to the property of linear sets to have
only a finite number of positive Myhill-Nerode equivalence classes. The next property of linear
sets is straightforward.

Lemma 5. For k > 0, vectors c,d € N*, and a finite set P C N* the map L(c, P) — L(d, P)
given by & — x — ¢+ d induces a bijection from L(c, P)/ = (c,p) to L(d, P)/ =(4,p)-

Now, we define two properties of subsets of N* which involve rational cones. Let k > 0
and S C N¥. Then, the set S has the linearly independent rational cone property if and only if
span(.S) N (Rzo)k — cone(T), for some a linearly independent 7 C NF. The set S has the own
rational cone property if and only if S is finite and it holds span(S) N (Rxo)* = cone(S).

A linear set has only a finite number of positive Myhill-Nerode equivalence classes if and
only if the period set has the own rational cone property:



Theorem 6. Let k > 0 and P C NF be finite. Then,
has the own rational cone property.

L(o,P)/ EL(O’P)‘ < oo if and only if P

Proof. Let P = {p1,pa2,... , P p|}. Assume that P has the own rational cone property. Let U
be the finite set

|P|
U= Zl/ipi v,eR 0<y; <1 ﬂNk.
i=1
Let u € U and
|P|
V=14 (&1,62, ., §p) NI u+>"&p; € L(0, P)
i=1

Consider the <-relation on NPl For all v € Vo and w € NPl with v < w we have w € V.
Let W, be the set of minimal elements of V,,. Due to [7] each subset of NI has only a finite
number of minimal elements, so W,, is finite. For x = (x1,x2,... ,:c|p|) e NP1 Jet Xu,z be the
finite set that contains the elements

(max(0,§1 - xl),max((),fg - :B2), ce ,maX(O,§|p| - $|p|)),

where (51,52,...,5‘]3‘) € Wy. For z,y € NIl we have  +y € V,, if and only if there is a
z € Xy with z <y. Theset { Xy | T € NI } is finite.

Let now t € L(0, P) and ¢ € N*. If t’ ¢ span(P), we have t+t' ¢ L(0, P). So, let t’ € span(P).
There is an © = (x1,%2,...,T|p|) € NPl with ¢ = Z‘Zi‘l x;p;. Because P has the own rational
cone property, there are

uw' €U and a:':(m’l,m'g,...,ac'|p|)€N|P|

such that ¢/ = u’ + Zyjl x';p;. We have t+t’ € L(0, P) if and only if  + " € V,,s, which holds
if and only if there is a z € X,/ , with z < a’. So, the set

{reNk ‘ t+reL(0,P)}

only depends on the map
U—>{Xv7y‘veU,y€N‘P‘}

given by v — Xy 5. That shows !L(O, pP)/ EL(QP)} < 00.
Assume now that P does not have the own rational cone property. This gives us the inclusion
cone(P) C span(P) N (Rxo)*. So, let & € span(P) N (Rxo)* \ cone(P) and

T={ie{l,2,....k} | mpn(x)=0}.
By basic linear algebra there is a non-empty linearly independent Q C QF with
span(Q) = {y € span(P) | m,r(y) =0}.
Because x € span(Q) N (Rzo)k \ cone(P) and cone(P) is a topological closed set, see [16], there

z € span(Q) N (Qx0)" \ cone(P) C span(P) N (Qx0)* \ cone(P).



So, there are A1, p1, A2, pa, - -, Ajp|s typ| € Q>0 with

|P|
> (i — pa)pi € (Qz0)" \ cone(P).
i=1
We may assume that the values A1, pu1, A2, p2, ..., A\pj, gy p| € N by multiplying with the lowest
common denominator. Let
7|
R=min{ reR Z()‘l + rup;)ps € cone(P) 3 € (—1,0].
i=1
We refer to M as the set of minimal elements regarding the <-relation on N of the set
N* Nspan(P) \ {0}. Due to [7] the set M is finite. We have

N¥ Ay span(P) = L(0, M).

For each linearly independent B C P with span(B) = span(P) let Np be the lowest common
multiply of the numbers min{n € N\ {0} | nv € La(0, B) }, for v € M. This gives us

L(0,B) N (N - N*¥) = cone(B) N (Np - N¥),

for each linearly independent B C P with span(B) = span(P). Let N be the lowest common
multiply of all the numbers Np. By [16] the set cone(P) is the union of all the sets cone(B)
where B C P is linearly independent with span(B) = span(P). It follows L(0, P) N (N - NF) =
cone(P) N (N - NF).
For all v, & € N it holds
P P
vN - Zuipi + &N - Z(Ai — pi)pi € L(0, P)
i=1 i=1

if and only if v > ¢ - (R + 1). So, for v1,v5 € N with v; # vy we have

P P
N> wpi # |vaN - | Y pipi :
= L(0.P) = L(o.P)
which implies ‘L(O, P)/ =0, p)’ = 00. This proves the theorem. O

For linear sets with linearly independent periods we even get a stronger equivalence than in
Theorem 6:

Corollary 7. For k > 0 and a linearly independent P C N¥ the following three conditions are
equivalent:

1. L(O,P)/ EL(O,P) < o0

2. L(O,P)/ EL(OJD) =1

3. The set P has the own rational cone property.

Proof. Let P = {p1,pa2,... , P p|} and assume that P has the own rational cone property. Let
x € L(0, P) and y € N*¥; otherwise, if y ¢ span(P), we get  +y ¢ L(0, P). If y € span(P), then
we have y € cone(P), because P has the own independent rational cone property. So, there are
uniquely determined values A1, Az, ..., A\p| € R>o with y = Zzll Aipi. It holds  +y € L(0, P)
if and only if for each i € {1,2,...,|P|} we have A; € N. This shows |L(0, P)/ EL(ij)‘ = 1.
Together with Theorem 6, that proves the corollary. a



3.2 Decompositions of Lattices

Lattices defined as subsets of R* play an important rule in geometry, group theory, and cryptog-
raphy, see [6]. Our lattices defined as subsets of N*¥ are a natural way to extend “the pattern”
of a linear set to N*. Using lattices we can give a characterization in which cases arbitrary sub-
sets of N¥ can be decomposed as a finite union of subsets with only a finite number of positive
Myhill-Nerode classes in the next subsection. This result, in turn, will enable us to prove a
characterization result about MROWJFAs in the next section. In this subsection, we will show
some decomposition results about lattices: it will turn out that lattices can be decomposed as
a finite union of linear sets which have only one positive Myhill-Nerode equivalence class. Since
each semi-linear set is the finite union of linear sets with linearly independent period sets by
Theorem 2, we will investigate in which cases lattices can even be decomposed as a finite union
of linear sets that have linearly independent period sets and only one positive Myhill-Nerode
equivalence class (or only a finite number of positive Myhill-Nerode equivalence classes).

For k > 0, ¢,y € N*, a finite P C N¥, and x € La(c, P) the vector & + y is in La(c, P) if
and only if y € La(0, P). This gives us that each lattice has only one positive Myhill-Nerode
equivalence class. On the other hand, each lattice is a finite union of linear sets that have only
one positive Myhill-Nerode equivalence class:

Proposition 8. Let k > 0, ¢ € N*, and P C N* be finite. Then, there is a number m > 0,
vectors ¢1,€Ca,...,cm € N, and a finite Q C NF such that La(e,P) = Uit L(ci, Q) and
IL(0,Q)/ =L, =1

Proof. Consider the <-relation on N* and let M, (M, respectively) be the set of minimal elements
of La(e, P) (La(0, P) \ {0}, respectively). Due to [7] each subset of N¥ has only a finite number
of minimal elements, so M. and M are finite. It holds J,c,, L(z, M) C La(c, P).

We will show via induction over n that for all n > 0 we have

fvela(e,P)| ol <n}c |J Liz, M), 1)
xrEMe

This is clearly true for n = 0. So let now n > 0 and assume that there is an element v € La(c, P)
with ||v||1 <n and v ¢ M. Then, thereis ay € M, with y <vand aw € M with w <v—y.
By the induction hypothesis we have v — w € U,y L(z, M). It follows v = (v —w) + w €
Uszenr, L(z, M). So relation (1) holds for all n > 0, which implies La(e, P) = J ¢y, L(z, M).
We have La(0, P) = U ecpy, L(z, M) = L(0, M). Now the proposition follows from the fact
that each lattice has only one positive Myhill-Nerode class. O

Next, we want to turn to the question, given a lattice as a finite union of linear sets, how the
period set of the lattice is related to the period sets of the linear sets. To answer this question,
we need the next result.

Lemma 9. Let k > 0, m > 0, v1,v2,...,0m € RE, and V1, Va, ..., Vi, C RF be proper linear
subspaces of R¥. Furthermore, let r € R>o. Then, there is a vector w € R* with B, (w) C
(R0)" \ UpL, (Vi + v3).

Proof. We prove this by induction on m. The statement is clearly true for m = 0. For m > 0
there is an « € R¥ with Bs,o(x) C (Rzo)k\Uﬁzl(VQ +wv;) by the induction hypothesis. Let V.-
be the orthogonal complement of V,,. There are uniquely determined vectors y; € V;, and
Y2 € VT# with € — v,;, = y1 + y2. For each z € V,,, we have

12+ vm — all2 = |z — y1 — yallo = \/Ilz — y1l3 + w2l 3 > llgall:

8



by the Pythagorean theorem. If ||yz||2 > 7 it follows

m

m—1
B (x) C ((R>o)k VUi vz')) \ (Vin +vm) = (Rz0)" \ [J (Vi +vi).

=1 i=1

Let now ||ya||2 < r. Then, let y3 € V.- be arbitrary with ||ys||o = 7 + 1. For each z € Vj,
we have

|2 +vm — (Y1 +ys +vm)ll2 = ||z —y1 —ysll2 > [lysl2 =r + 1
again by the Pythagorean theorem. For each u € R¥ with u ¢ (Rzo)k \ U?:ll(VZ + v;) it holds

lu — (Y1 +ys +vm)ll2 = [|u — =+ y2 — ys|l2 > [Ju — z|]2 — ||lys — y2]|2
>3r+2— ([ly2ll2 + llysll2) 23r+2—(2r +1) =7+ 1.

This implies

which proves the lemma. O

We can generalize Lemma 9:

Corollary 10. Let k >0, v € (Rzo)k, and V be a linear subspace of R* that has a basis which
is a subset of (Rzo)k. Moreover, let m > 0, v1,v2,...,0m € V +wv, and V1,Vo,....V;, C V
be proper linear subspaces of V. Furthermore, let r € R>o. Then, there is a w € V + v with
B(w) N (V +v) C (Rx0)* \ U, (Vi + vi).

Proof. The statement is clearly true for V= {0}, so assume {0} C V from now on. Let n =
dim(V), {b1,ba,...,bp} C (R>0)" be a basis of V, and {eq,es,...,e,} be the standard basis
of R™. Consider the R-linear map

fiR" 5 RF defined by (A1, Az, ..., An) = > Aiby,

which is injective and continuous. Set
q=min{||f(z)[l2 | z € R", [Jz[l2 =1} > 0.

The map g : R® — V defined by « — f(x)/q is an isomorphism of vector spaces. Therefore
h:R" = V + v with  — g(x) + v is a bijection, with h~(y) = g ! (y —v) for all y € V + v.
By Lemma 9 there is a w’ € R" with

m

B (w') € (Rz0)"\ |J (97" (Vi) + n7(vi)) = R=0)"\ [ J g~ (Vi +vi — )

i=1 i=1



For all ¢,z € R"™ with  # z we have

Ie) — 1)l = llgta - 2)] = =2 Hf <w_—>

This gives us

which proves the corollary. a

Using Corollary 10, we can show that whenever we write a lattice as a finite union of linear
sets, then at least one of the period sets of the linear sets spans the same vector space as the
period set of the lattice:

Corollary 11. Let k > 0, ¢ € N*, and P C N* be a finite set of vectors. Furthermore, let
there be an m > 0, vectors €1,c¢z, . ..,cm € NF, and finite subsets Q1,Qa,...,Qm C NF such
that La(e, P) = Ui~ L(ci, Qi). Then, it holds ;= Q; C span(P) and there is at least one
i€ {1,2,...,m} with span(Q;) = span(P).

Proof. The statement is clearly true for k = 0, so let £ > 0. For each i € {1,2,...,m} we have
¢; € La(e, P) which implies ¢; — ¢ € span(P). For each i € {1,2,...,m} and p € Q; it holds
p = ((¢; +p) — ¢) — (¢; — ¢) € span(P). That gives us |J;~; Q; C span(P).

Assume now that span(Q;) C span(P), for all i € {1,2,...,m}. Let n = |P|, where the set
P={p1,p2,...,pn}, and r = HZLl ijz. By Corollary 10 there is a w € span(P) + ¢ with

m

By.(w) N (span(P) + ¢) C (Rx0)* \ U(span(Qi) + ).

There are A1, Ao,..., A\, € R with w =c+ Z;”:l Ajpj. Set

n

v=c+ ZD\]-] -pj € La(e, P).
j=1
From ||v — w2 < r we get v ¢ (", (span(Q;) + ¢i) 2 Ui~ L(ci, @i). This contradiction proves
the corollary. O

Now we are ready to show how the linearly independent rational cone property is connected
to the property of lattices to be a finite union of linear sets that have linearly independent period
sets and only finitely many positive Myhill-Nerode equivalence classes:

Theorem 12. For k > 0, ¢ € N*, and a finite P C NF the following three conditions are
equivalent:

1. Thereis anm > 0, vectors c1,Ca, . . ., ¢m € N, and linearly independent Q1,Qo, . . ., Qm C NF
such that La(c, P) = U2 L(c;, Qi) and |L(0,Q;)/ =L(0,0)| < 00, for alli € {1,2,...,m}.

2. There is an m > 0, vectors ¢1,¢a,...,cm € NF, and a linearly independent Q C N* such
that La(C, P) = U:ll L<C’L7Q) and |L(07Q)/ EL(O,Q)‘ =1.
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3. The set P has the linearly independent rational cone property.

Proof. Assume that P does not have the linearly independent rational cone property and let
m > 0, e1,€2,...,¢m € N¥ and Q1,Q2,...,Qm C NF be linearly independent subsets with
La(e, P) =" L(¢;, Q;). By Corollary 11 thereisan ¢ € {1,2,...,m} with span(Q;) = span(P).
So, the set @); does not have the linearly independent rational cone property, which implies that
Q; does not have the own rational cone property. By Corollary 7 we get |L(0, Qi)/ =L(0,0:)

= 00.

Assume now that P has the linearly independent rational cone property and let 7 C NF
be linearly independent with span(P) N (Rx)" = cone(T). We get span(P) = span(T) and
that T has the own rational cone property. Let n = |T| and T" = {t1,t2,...,tn}. We get
T C{XgepXi-®i | i € Q} by basic linear algebra, so for each i € {1,2,...,n} there
are a u; € N\ {0} and a g; € La(0,P) with q; = ut;. Let Q@ = {q1,q2,...,qn}. Since
span(Q) = span(T") and cone(Q) = cone(T'), the linearly independent set () has the own rational
cone property, so Corollary 7 gives us ‘L(O, Q)/ EL(OQ)‘ =1.

Let E be the finite set

E= {iviqz'

i=1

I/z‘GR,OSUi<1}ﬂLa(O,P).

Consider the <-relation on N¥ and let M be the set of minimal elements of La(c, P). Due to [7]
each subset of N* has only a finite number of minimal elements, so M is finite. Let

S= |J Lm+eQ)

meM,ecE

Because of M C La(e, P) and E,Q C La(0, P), we have S C La(e, P). In the following we will
show La(c, P) = S.

Let @ € La(e, P). There is an m € M with m < x. Because of x —m € La(0, P) C cone(Q)
there are A, Ag,..., A\, € Ry with x —m = """ | \;q;. We have

n n

D [Xilgi €L(0,Q) CLa(0,P) and x—m— Y [Algi= Y (\i—[\i])g € E.
=1

i=1 i=1
It follows x € S. So we have shown La(c, P) = S, which proves the theorem. 0

Because of Theorem 12 it is worthwhile to investigate the linearly independent rational cone
property more. Intuitively one might think that this property always holds, but it turns out that
this is only the case in dimension k& < 3:

Theorem 13. Let k > 0 and n € {0,1,...,k}. Then, the condition that each S C NF with
dim(span(S)) = n has the linearly independent rational cone property holds if and only if
n€{0,1,2,k}.

Proof. An S C N* with dim(span(S)) = 0 clearly has linearly independent rational cone prop-
erty. For S C N* with dim(span(S)) = 1 and a vector v € S\ {0} we have

span(S) N (Rxo)" = cone({v}).
For § C N* with dim(span(S)) = k it holds span(S) = R* and span(S) N (Rx0)" = cone(B),

where B is the standard basis of R¥.
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Let now S C N*¥ with dim(span(S)) = 2 < k and let {v,w} C S be a basis of span(S). Let
A=min{v;/w; | je{l,2,...,k}, w; >0}

and set v/ := v — Aw. So {v’/,w} is a basis of span(S). For each j € {1,2,...,k} with w; >0
we get
vi=v; - \w; > v —vj/w; w; =0.

This gives us v’ € (on)k. Now let
,u:min{wj/v'j | j e {1,2,...,]€}, U’j >0}

and set w’ := w — pv’. Thus {v/,w’} is a basis of span(S). For each j € {1,2,...,k} with
v’; > 0 it holds
wi=w; — pw’; > w; —w; /v’ -0 =0.
That implies w’ € (Qso)".

For all j € {1,2,...,k} with w; > 0 and v;/w; = A we have v'; = 0 and w’; > 0. For all
JjeA{1,2,...,k} with v'; > 0 and w;/v’; = p we have w’; = 0. Let v,§ € N with v, > 0 and
v’ Ew’ € NF. We get

span(S) N (Rxo)* = span({vv’, €w’}) N (Rx0)* = cone({vv’, cw'}),

so S has the linearly independent rational cone property.
Let now n € {3,4,...,k — 1} and consider the 4 x 4 matrix

N == O
— N O =
= O N =
O~ =N

For each p,q > 0 let I, be the p x p identity matrix, J, ; be the p x ¢ all-ones matrix, and 0, 4
be the p x ¢ zero matrix. Let Sk, be the k x (n + 1) block matrix

A Jin-3
Sk =\ Jn-34  Jn-3n-3—In-3
Og—n—1,4 Ok—n—1,n—3
We refer to the columns of Sy, as vi,v2,...,Vp41 € N*. It holds v1 = v + v3 — vg4. Let
A2, A3, Ant1 € R set w = Z?I; A;-v;i, and assume w = 0. Then we have 0 = w; —w4 = 2)\4.
For all i € {5,6,...,n+ 1} we have 0 = w4 — w; = A\;. Now it is easy to see that we also have
A2 = A3 = 0. So the vectors vz, v3,...,Vn41 are linearly independent and the matrix Sy, has

rank n.
Let Vi, be the set of columns of Sy, ,,, assume that V}, ,, has the linearly independent rational
cone property, and let B = {by, b, ...,b,} C N* be linearly independent with

span(Vi.,) N (R>0)" = cone(B).

Furthermore, let B = (bji)je{1,2,....k},ic{1,2,...n} De the k x n matrix whose columns are from left
to right b1, ba,...,by,. We have bj; =0 for all j € {n+2,n+3,...,k} and i € {1,2,...,n}.
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Assume that there is an iy € {1,2,...,n} such that for all j € {1,2,...,n 4+ 1} there is
an i € {1,2,...,n} \ {io} with b;; > 0. Set & = Zie{1,2,...,n}\{i0} b;. We have x; > 0 for all
je{1,2,...,n+1}. Let

A=min{x;/bj; | j €{1,2,...,k}, bj;;, >0} >0
and set @’ = @ — Ab;,. For each j € {1,2,...,k} with b;;, > 0 we get
' =x; — \bji, > xj —xj/bji - bjio = 0.
This is a contradiction to
span(B) N (Rx0)" = span(Vi.,,) N (Rso)* = cone(B),

because &’ =3 ;cr1 5 a1 fig} i —Abig. Soforalli € {1,2,...,n} thereisa j; € {1,2,...,n+1}
such that for all ' € {1,2,...,n}\{i} we have bj, » = 0. It follows b;, ; > O for alli € {1,2,...,n}.
Let

C={jilie{l,2,...;n}} Cc{1,2,...,n+1}.

We get |C| = n. Let m be the only element of {1,2,...,n+ 1} \ C. From what we have shown
about the matrix B it follows that for every y € span(B) it holds: if y; > 0 for all j € C, then
we also have y,, > 0.

Let now i € C and set y = vy, —1/3 - v; € span(V},,) = span(B). This gives us y,, < 0. For
all j € C we have y; > 1—1/3-2 = 1/3, a contradiction. So, the set V},,, does not have the
linearly independent rational cone property. This proves the theorem. O

Thus, for k > 0 and n € {0,1,...,k}, the condition that for all vectors ¢ € N¥ and finite sets
P C N* with dim(span(P)) = n we get a decomposition of the set La(c, P) as in Theorem 12 is
equivalent to the condition n € {0,1,2, k}.

3.3 A Decomposition Result About Subsets of N¥

Having the decompositions of lattices from Subsection 3.2, we now turn to a decomposition
result about arbitrary subsets of N¥. To state the result, we will work with quasi lattices. The
are defined as follows: let £ > 0 and S C N*. The set S is a quasi lattice if and only if there is
a vector y € N¥ an m > 0, vectors ¢1, €2, ..., Cm € N¥, and finite subsets Pi, Ps,..., P, C NF
such that the set {z € S|z >y} isequal to { z € UL, La(c;, Pj) [z > y }.

We can identify a pattern of two linear sets formed by three vectors that gives a sufficient
condition for the property of a subset of N*¥ to not be a quasi lattice:

Lemma 14. Let k > 0 and S C N* such that there are vectors w,v,w € N* with T g3 (v) >0,
for all j € {1,2,...,k} with L(u,{v}) NS =0 and moreover L(u + w,{v,w}) C S. Then, the
set S is not a quasi lattice.

Proof. Let vector y € N*. There is a A € N with u 4+ Av > y. Consider an m > 0, vectors
€1,C2,...,cm € NF and finite subsets P;, Py, ..., P,, C N¥ such that it holds

L(u+w + v, {w}) C | La(e;, P)).
j=1

W.lo.g. there is an n > 0 with n < m such that for all j € {1,2,...,m} the inequality

IL(u + w + Av, {w}) N La(cj, Pj)| > 2
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holds if and only if j < n. For all j € {1,2,...,n} let M; be the minimum of
{po —pr | pa,pe € NJO < g < po,Vi € {1,2} :u+ A + pw € La(Cj,Pj)}

and let M be the lowest common multiple of the M;. For all j € {1,2,...,n} and v > 0 we have
u+v € La(ej, Pj) if and only if u+ v +vMw € La(ej, ). It follows u+Av € U7, La(cj, P)).
Since L(u +w + Av, {w}) C S, but u + v ¢ S, the set S is not a quasi lattice. 0

We call subsets of N* that allow a pattern as in Lemma 14 anti-lattices. If they even allow a
pattern that begins at the origin, we call them O-anti-lattices: let k£ > 0 and S C N*. If there are
vectors w, v,w € N¥ with 7 (;y(v) > 0 for all j € {1,2,...,k} so that L(u,{v}) NS = 0 and
L(u+w,{v,w}) C S, the set S is called an anti-lattice. If there are v, w € N¥ with m; ;3 (v) > 0
for all j € {1,2,...,k} so that L(0,{v}) NS = 0 and L(w, {v,w}) C S, the set S is called a
0-anti-lattice. The following property of anti-lattices will be used later on.

Lemma 15. Let k> 0 and S C N¥. Then, the set S is an anti-lattice if and only if there is an
x € N¥ such that S+ x is a O-anti-lattice.

Proof. The lemma is clearly true for k = 0, so let k& > 0. Assume that there is an & € N¥ such
that S+ is a 0-anti- lattice Thus, there are v, w € N¥ with T g3 (v) > 0forall j € {1,2,...,k}
so that L(0,{v})N (S +x) =0 and L(w, {v,w}) C S+ x. Let A € N with Av > @. Then, we
get LOAv —x, {v}) NS =0and L(Av — x + w,{v,w}) CS. So, the set S is an anti-lattice.

Assume now that S is an anti-lattice. There are vectors u, v, w € N¥ with T, g53(v) > 0 for
all j € {1,2,...,k} so that

L(u,{v})NS =0 and L(u+w,{v,w})CS.

Let € NF\ {0} and A\ € N with u + = = M. We get L(0, {\v}) N (S + x) = () and moreover
L(Av + w, {\v, \v + w}) C (S + x). So, the set S + x is a 0-anti-lattice. 0

A semi-linear set is a quasi lattice if and only if it is not an anti-lattice:

Proposition 16. Let k > 0 and S C N* be a semi-linear set. Then, the set S is a quasi lattice
if and only if S is not an anti-lattice.

Proof. Assume that S is not a quasi lattice. As a semi-linear set S is a finite union of linear sets,
so there is a ¢ € N¥ and a finite subset P C N* such that L(c, P) C S and for all y € N¥ it holds
{zela(e,P)|z>y} € S. Let P = {p1,p2,...,p|p|}- For y € NF let Ny, be the non-empty

A1 H1

A2 P 12 p 7 %
Jlent?la] eN'|:Z(uj—)\j)pje{zeN\S}z2y}
: : =

Alp| 111P|

and let M, be the set of minimal elements of N, regarding the <-relation on NI, For all
()\1,)\2,.. )\|p|) € M, there are (/,Ll,IU,Q,...,,U,|p|) e NPl and jo with jo € {1,2,...,|P|} such
thatzj 1(u] N)pj € {z €N\ S| z>y} and apj, + Z|P|( )pJGS for all a > 0.

For m > 0 let y,, be the vector in N¥ which fulfils T (i} (Ym) = m for all j € {1,2,... k}.
Let now jg be in the non-empty set

ﬁjg

{jE{l,Q,...,\P[}’EIazENk\S:(:Bzym/\Va>O:m+apj€S)}.
0
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The set T = {x € N*\ S |Va > 0: x + apj, € S} is semi-linear, because a subset of N is
semi-linear if and only if it is a Presburger set due to [11]. So, there is £ > 0, dy, da, ..., dy € NF,
and finite Q1,Qs,...,Q; C N¥ such that T = Ui:l L(dp,Qp). Since for each y € N* there is

an x € T' with z > y, there exists an ho € {1,2,...,¢} such that m, (; (quQhO q) > 0 for all
je{1,2,...,k}. We have L (dho, {quQho q}) AS =0 and

L dho ‘|‘Pj07 Djo> Z q - S.
q€Qn,

So, the set S is an anti-lattice. Our proposition follows with Lemma 14. O

It follows that each subset of N¥ which has only a finite number of positive Myhill-Nerode
equivalence classes is a quasi lattice:

Corollary 17. For a k > 0 and a subset S C N¥ with |S/ =s| < oo the set S is a quasi lattice.

Proof. Let k > 0, S C N¥ and |S/ =g| < oo. Since every language in the family ROWJ is
semi-linear, see [2], Theorem 4 implies that S is semi-linear. Assume that S is an anti-lattice.
So, there are u, v, w € N¥ with Ty (v) > 0 for all j € {1,2,...,k} such that L(u, {v})NS =10
and L(u + w,{v,w}) C S. Set A\, = min{ A € N | nw < Av}, for every n € N. Hence, for
all n € N we have

(u +nw) + (Ao —nw) =u+ Ao ¢ 5,

but for all m € N with m < n it holds
(u+ nw) + (Apv —mw) =u+ (n —m)w + Ajv € S.

Thus, for n,m € N with n # m we have [u+nw|=, # [u+mw]=,, which gives us |S/ =g| = o0,
a contradiction. Therefore, the set S is a quasi lattice by Proposition 16. O

Quasi lattices are related to the property of a subset S C N* to be a finite union of subsets
of N¥ that have only a finite number of positive Myhill-Nerode equivalence classes, which holds
exactly if S is a finite union of linear sets that have only one positive Myhill-Nerode equivalence
class:

Theorem 18. For a k > 0 and a subset S C N¥ the following three conditions are equivalent:

1. There is an m > 0 and subsets Si,So,...,Sm C NF such that S = U;"Zl S; and for each
je{L,2,...,m} we have |S;/ =s,| < oc.

2. There is an m > 0 and linear sets L1, Lo, ..., Ly, C N¥ such that S = U;n:1 L; and for each
je{1,2,....m} we have |L;/ =p,| = 1.

3. The set T, (10, w7 ({ 2 € S | T 7(2) = }) ds a quasi lattice, for all sets T'C {1,2,...,k}
and vectors x € NI

Proof. The first condition of the theorem implies the third one, because of Corollary 17, the fact
that for all T C {1,2,...,k} and & € N7 we have ‘ST@/ EST@‘ < |S/ =g|, where

Sra =T 12, 07 ({2€S | mr(2) =2}),

and the fact that quasi lattices are closed under the operation of union.
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We now prove by induction on k& that the third condition of our theorem implies the second
one. This is true for £k = 0, so let £ > 0 and assume that the third condition holds. Choos-
ing T = 0 in this condition gives us that S is a quasi lattice. So, there exists a vector y € N¥_ a

number n > 0, vectors ¢, €2, . .., ¢n € NF, and finite subsets Pp, Ps, ..., P, C N* with
n
{zeS|z>y}=J{zela(c;, P) | 2>y}
i=1
We get

S:{z€S|zzy}UU{zELa(Ci7Pi)!ZZy}7

=1

where {z € S|z %y} :Up 1Uﬂk{"} {z €S | mpp(2) = q}. Now let p € {1,2,...,k}
and g € {0,1,...,m 1,3 (y) — 1} and define the map 1,4 : NF! — NF as

Lp,q(fB) = (kal,{l,z,.“,pfl}(iv), q, kal,{p,p+1,...,k71}(w))'

By induction hypothesis there is a mj , > 0 and linear subsets Ly 41, Lp.g2, - - -, Lp,gm,, S NFk-1
such that

Mp,q

Lz:é ({ zeS ‘ T (p} (2) = q}) = U Lpg.j
i—1

and for each j € {1,2,...,mp 4} we have ‘Lp’q’j/ ELM,].‘ = 1. It follows
Mp,q
{zes‘ﬂk{p} U Lp.q.5)
where for each j € {1,2,...,mp 4} the set ¢ 4(Lp q.;) is linear and ’Lp’q(Lp,q’j)/ =tpalLpa)| = 1

By Proposition 8 for each ¢ with i € {1,2,...,n} there is an m; > 0 and linear subsets
Lix,Li2, ..., Lim, € NF such that La(0, P;) = UT:H L; ; and for each j € {1,2,...,m;} we have
{Lm/ =r;,;| = 1. Let M; be the set of minimal elements of { 2z € La(c;, P;) | 2 > y } regarding
the <-relation on N*. We get

{zela(e;,P) | z>y} = U (La(0, P;) + U U ij + ).

xeM; xeM; j=1
So, it holds
E e ipy®)—1 mpg n m
U U U tpg(Lpgy) | U U U ij + )
j=1 i=1 zeM; j=1
So, the second condition of the theorem holds. O

In dimension k& < 3 we can strengthen the second condition of Theorem 18, while we can
weaken the third condition in dimension k < 2:

Corollary 19. For a k € {0,1,2,3} and a subset S C NF the conditions from Theorem 18 are
equivalent to the following condition. There is a number m > 0, vectors c¢i1,cCa,...,Cm € NF,
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and linearly independent sets Py, P, ..., Py C N¥ such that it holds S = U;"Zl L(cj, P;) and for
each j € {1,2,...,m} we have ‘L(O,Pj)/ EL(O’PJ.)) =1. For a k € {0,1,2} and a subset S C NF

the conditions from Theorem 18 are equivalent to the condition that S is a semi-linear set and
a quasit lattice.

Proof. We get the statement for k € {0, 1,2,3} by using Theorems 12 and 13 instead of Propo-
sition 8 in the last paragraph of the proof of Theorem 18. The statement for k£ € {0, 1,2} follows
from the fact that a subset of N is a quasi lattice if and only if it is a semi-linear set. That holds
by Theorem 2 and the fact that semi-linear sets are closed under the operation of set difference,
see [9]. 0

4 Right One-Way Jumping Finite Automata with Multiple Initial States

In this section we investigate MROWJFAs. To get deep results about these devices we use results
from Subsection 3.3.

4.1 Results for Arbitrary Alphabets

First, some basic properties are given. Directly from the definition of MROWJFAs we get that
the unary languages in MROWJ are exactly the unary regular languages and that MROWJ
consists exactly of the finite unions of languages from ROWJ. However, it is not clear that
every language from pMROW.J is a finite union of languages from pROWJ. From [2] we know
that a* and the language {w € {a,b}* | |w|q = |w|p } are in ROWJ, but the union of these two
sets is not in ROWJ. Together with the properties of ROWJ shown in [2] and [4], this gives us:
we have REG € ROWJ € MROWJ and also pREG C pROWJ € pMROW.J. The family
MROWIJ in incomparable to DCF and to CF. Each language in MROW.J is semi-linear and
contained in the complexity classes DTIME(n?) and DSPACE(n). We get pMROWJ ¢ CF
and pMROWJ C JFA C pCS. The letter-bounded languages contained in MROWJ are
exactly the regular letter-bounded languages.

Now, we will study the language class pMROWJ in depth. The foundation for this will be
the next result.

Theorem 20. The family pMROWJ does not contain any language whose Parikh-image is a
0-anti-lattice.

Proof. Assume that there is a k£ > 0, an S C N¥, and an ordered alphabet X with |X| = k such
that S is a O-anti-lattice, but the language ¥ ~1(S) C £* is in MROW.J. So, there are v, w € N¥,
where for all j € {1,2,...,k} it holds m r;;(v) > 0, such that we have L(0,{v})NS =0 and
L(w, {v,w}) C S. Clearly we have w # 0 and v # 0. Since

L(0, {v}) N L(w, {v,w}) =0,

there are no A, p € N with A\, u > 0 and Av = pw, which implies that {v, w} is linearly indepen-
dent. Let A = (Q, X, R, S, F) be an MROWJFA with Lr(A) = ¢~1(S) and assume that the set
of initial states S' = {s1, s2,. .., s|s/|}- For two states p,q € Q let L, 4 be the language accepted
by the ordinary DFA (Q, X, R, p, {q}). Because the set L, , is regular, there is a number n, , > 0,
vectors Cp.q,1,Cp,q,2, -+ Cp,g,npq € N*, and finite Pog1, Ppg2, s Pogny, C NF \ {0} with
V(Lpg) = Ui L(cp,q,is Ppg.i)- Set ng =max ({nyy | f,g € F}).Fori € {1,2,....,np4} let P, g,

17



be the set {Zp.q,1,Tp,q,2,--- ,wp’q,|pp’q’i|} and Kp g : NPr.a.il - N¥ be the map which is defined

through
|Pp,q,il

<>\1,A2,---7)\\Pp,q,i|> = Z AjTp,q,j-

j=1
For f,ge F,ie{1,2,...,np4}, and R € Z let

AfgiR = {)\ e NP7l

Cragii + rgi(N) € LO,{v}) + Rw |
Set

X=1{(f,g,)) e FxFxN|1<i<ng,VreN: U Apgin#0
REZ,|R|>r

and let rg be the maximum of
{0y U{|R|| R€Z,3(f,9:1) e (FxFxN)\X:(1<i<npsNApgir#0)}.

For f,g € Fand i € {1,2,...,n54} let Dy 4; be the set of minimal elements regarding the <-
relation on NIF».a:il of Ugez Af.gi,r- Due to [7] the set Dy g ; is finite. Let rf 4 ; be the maximum
of

{0} U{IRI| R€Z,IN € Dyt g+ rpga(N) € L0, {v}) + Rw}.

For (f,g,i) € X there is an R € Z with |R| > ryg; and Af,; r # 0. Moreover, for vector
A= (A]_,AQ,...,A“DLQ,A) € Ajg.i R there are p = ([Jfl,[J,Q,...,[J,‘pf’g’A) € Dygiand R € Z
with p < X and p € Af g, g It follows |R'| < rfg; < |R| and that there exists a T' € Z with

K/fvg:i(A - IJ’) = (c.fag’i + K/f’gvi(A)) - (cfagvi + K/f’gyi(l“‘l’)) =Tv + (R - R/)w

So, for all (f,g,i) € X there are Agg; € Nroil Ty . € Z, and Ry ; € Z\ {0} with
Ktgi(Af,gi) = Trgi v+ Rpgi-w. Let ri be the maximum of {1} U{|R¢4,| | (f,9,7) € X}
and to be the maximum of {0} U { [T 4| | (f,9,7) € X }.

We will now define the words a,,, € X* for m € {0,1,...,]S’|} recursively. Set ap = A. Let
now m € {1,2,...,]5'|}, assume that a,,_; is already defined, and let p,, € Q and S, € X*
such that s,,ap,_1 Olom-1l PmBm. If

U (w(LPm,f) n (L(w7 {’U, w}) - w(am—l) + w(ﬁm))) = ®7

feF

we set a,, = an—1. Otherwise, let f,,, € F with

w(me,fm) N (L(w, {v,w}) - w(am—l) + w(ﬂm» 7é @

and let
Yo € Ly g 007 (L, {0,0}) = (e 1) +(5n)) NNF).

It follows Sy, Qi 17Ym Olm=19ml £ 8 If there are no g € F and i € N such that (f,,g,i) € X,
we set = Qup—17Ym. Otherwise, let g, € F and i,, € N with (fin, gm,im) € X. Furthermore,
let 6,, € Ly, 4., such that

7'1!
w (5m) = cfmvgm,im + |S/| : |F‘ *no - (QTO + 1) ' W ' Kfmvg'rnyim(Afm’gmaim)
7971

18



and set a;, = Qm—1YmOm. It follows s,anm, Olaml GmBm- This completes the recursive definition
of the words ayy,, for m € {0,1,...,[S'[}. Since m;, ;;3(v) > 0 for all j € {1,2,...,k}, there is
a ¢ € X* such that ¢ (as¢) € L(0,{v}). Let n € ' ({w}) and, for all m € {0,1,...,]5|},
let o, € X* such that ay,a;, = ag.

Let now m € {1,2,...,]5'|} with

U (¢(me,f) N (L(w, {v,w}) = Y(am-1) + P(Bn))) =0
fer

and K > 0. It holds

¥ (auCn™ B ) = (110" ™) = (am-1) + ()
& Lw, {v,w}) = lam-1) + ¥ (Gn)

We have
K-rq! ! K-rq! p— / K-rq!
$mys (NS = s 10, T Ol pal e,

and (o, (T B,,) ¢ Y(Lp,, ) for all f € F. With an analogous argument as in the proof of
Lemma 2 in [2] it follows ag/ (™! & Lr((Q, X, R, {sm}, F)).
Now, let m € {1,2,...,]5’|} such that

U @(Zp,.5) N (Lw, {v,w}) = (0m-1) + ¥(Bm))) # 0

fer

and there are no g € F and i € N with (f,,9,i) € X. Forall g € F, i€ {1,2,...,ny, 4}, and
R € Z with |R| > ro we have Ay, 5 r =0. For all K > 0 it holds

$ms (N T = S 1Ymal, (™ T Ol ol e,
and
¥ (O‘M”K'm!ﬁ@ = (alqunK'”’) — (Y(Ym) + Y(@m-1) — ¥(Bm))
=¥ (aysr¢) = (@ (¥m) + Y(am-1) = ¥(Bm)) + K - 1! - w,

where 9 (oq5¢) € L(0,{v}) and ¢(ym) + ¢Y(m-1) — (Bm) € L(w,{v,w}). If the element
a|5/|C77K'“! € Lr((Q, X2, R,{sm}, F)) for a K > 0, we have

N fmg

W (aﬁan'”!ﬁm) € U U L(CFumgyis Plon.g,i)-

geF =1

It follows
H ¢

Because of (a|S/|C77K'T1!) € L(w, {v,w}) C S for all K > 0, there are a K > 0 with

K >0} N LR((Q. T, R {sm}, F))| < |F| - no - (2ro +1).

K< (IS|=1)-|F|-ng- (2ro+1)+ 1< |5+ |F| - no- (2 + 1)

and an m € {1,2,...,]5’|} such that

U @(Zp,..0) N (Lw, {v,w}) = $(am—1) + ¥(Bm))) # 0,

fer
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Qm 7é Qm—1Ym, and a\S’\CnK.rll € LR((Q: 2R, {Sm}7F)) We have
smaye (™ oleml g ol cpf By,
Let 0,, € Ly,, g, such that v (9;,) equals

R 71!
Cfumsgmyim T+ (5’\ [F[mng - (2ro +1) — ‘R;’gﬂ,, K) Regdl B fon,grmsim (A fomsgom siom. ) -
7g77’ 7977’

We get
! / ]
Smam_l’ym(;:na/rnCnK r1} Olamfl')’m(sml gmalrné',r/K T‘l,ﬁm’

which implies
Oém—l'Ymé;na;nCT/K.rl! S LR((Q7 27 R: {Sm}v F)) - w_l(s)
It holds
0 (@n- 1m0 ) = 6 (a5

ngi 7“1!
= — 39 . R . A .
‘Rf:g,i’ ’Rf,g,i‘ fmvgmﬂm( fmagmﬂm)
-K- 7’1!
= . (Tf,g,i v+ Rf,g,i . w)
Ryg.
K Ty
_ 1 £19,8 v—K-rl-w
Ryg,i

Because of 1) (a|5/‘§nK'”!) €L(K-r! w,{v}), we get

(0 (O‘mfl'Ym(S;na;zCUK'm!) € L(0,{v}),

which gives us ¥ (am,l'ymé,’na;nCnK "’1!) ¢ S, a contradiction. This proves the lemma. O

Because the Parikh-image of {w € {a,b}* | |w|s # |w|p } is a O-anti-lattice, this language
is not in MROWJ. Thus, we have pMROWJ C JFA and that the family pMROWJ is
incomparable to pDCF and to pCF.

To extend Theorem 20 to arbitrary anti-lattices, we need the following:

Lemma 21. Let X be an alphabet, a € X', and L C X* be a language from pMROWJ. Then,
the language { vaw | v,w € X* vw € L} is also contained in the language family pMROWJ.

Proof. Let A = (Q, X, R,S,F) be an MROWJFA with Lr(A) = L. Consider the MROWJFA
A= (QUS' X, RS F), where S’ = {s' | s € S} and for all (¢,b) € Q x X the value R'(g,b) is
defined if and only if R(q,b) is defined. In this case we have R'(q,b) = R(q,b). For s € S we get
R'(s',a) = s and for all b € X'\ {a} the value R'(s,b) is undefined. Obviously, we have |w|, > 0
for every w € Li(A"). For v,w € X* with |v|, =0 and s € S it holds s'vaw C)'X,l s'awv O 4r swo.
This gives us

vaw € Lr(A") & wv € Lr(A) & vw € Lr(A),

which implies
Lr(A") ={vaw | v,w € ¥, |v|y = 0,vw € L} = {vaw | v,w € X*,vw € L }.

That proves the lemma. O
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From Theorem 20 and Lemmas 15 and 21 we get:

Corollary 22. The family pMROWJ does not contain any language whose Parikh-image is
an anti-lattice.

Proposition 16 and 22 give us:
Corollary 23. The Parikh-image of each language in pMROWJ is a quasi lattice.

To get more detailed results about pMROWJ, we define the language operation of disjoint
quotient of a language L C X* with a word w € X* as follows:

L/fw={veX* |vweLVacX: (vla=0V|wl,=0)}
=(L/w)Nn{aeX| |wl,=0}".

From Theorem 4 we get that the family pROWJ is closed under the operations of quotient
with a word and disjoint quotient with a word. Let X be an alphabet, II C X, and L C X*
be in MROW.J. Then, it is easy to see that L N II* is also in MROW.J. Thus, we get that if
PMROWIJ is closed under the operation quotient with a word, then pMROWJ is also closed
under disjoint quotient with a word.

Theorem 4 gave a characterization of the language class pROWJ in terms of the Myhill-
Nerode relation. The next Corollary is a result in the same spirit for the permutation closed
language family pMROWUJ. Theorems 4 and 18 and Corollary 23 give us a characterization of
all languages L for which each disjoint quotient of L with a word is contained in pMROWJ:

Corollary 24. For an alphabet X and a permutation closed language L C X* the following
conditions are equivalent:

1. For all w € X* the language L/%w is in pMROW.J.

2. There is ann >0 and Ly, Lo, . .., L, C X* with L1, Lo, ..., L, € pPROWJ and L = |J;-_, L;.

3. There is an n > 0 and permutation closed languages L1, Lo, ..., L, C X* such that language
L =J" L and for alli € {1,2,...,n} the language L; has only a finite number of positive
Muyhill-Nerode equivalence classes.

4. There is an m > 0 and linear sets L1, Ly, . .., Ly, € NI¥| such that (L) = U;”Zl L; and for
each j € {1,2,...,m} we have }Lj/ =.,|=1

5. The set x| (1,2,..|SN\T ({zew(l)| T r(z) = x}) is a quasi lattice, for all subsets T C
{1,2,...,|%|} and vectors = € NI,

For ternary alphabets we can weaken the first condition of the previous corollary, by the fact
that the family JFA is closed under the operation of disjoint quotient, and strengthen its fourth
condition by Corollary 19:

Corollary 25. For an alphabet X with |X| = 3 and a permutation closed language L C X* the
following two conditions are equivalent:

1. For all unary w € X* the language L/%w is in pMROWJ.
2. There is a number m > 0, vectors ¢1,¢z2,...,¢m € N3, and linearly independent sub-

sets Pi, Py, ..., Py C N3 such that ¢(L) = U;nzl L(cj, Pj) and |L(0,P;)/ =L, = 1
for each j € {1,2,...,m}.

7
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From Theorem 4 and Corollary 24 we get that the condition that each language from
PMROWIJ is a finite union of languages from pROWJ is equivalent to the condition that
the family pMROWJ is closed under the operation of quotient with a word and to the con-
dition that the family pMROWJ is closed under the operation of disjoint quotient with a
word.

Consider an alphabet X and a language L C X*. If for all w € X* the language L/%w is in
pMROWJ, then the language L is contained in the complexity class DTIME(n), as the next
result shows:

Lemma 26. Let X be an alphabet, n > 0, and L1, Lo, ..., L, C X* be in pROWJ. Then, there
is a one-way (n - |X|)-head DFA with endmarker accepting \Ji_; L.

Proof. Let X = {a1,a,...,ax} and for j € {1,2,...,n} let A; be a ROWJFA accepting Lj;.
We will informally describe how a one-way | X'|-head DFA with endmarker accepting L; works. At
the beginning for each i € {1,2,...,|X|} the i-th head moves to the first occurrence of a;. In each
step of the computation in which not all heads have reached the endmarker yet, the automaton
determines all ¢ € {1,2,...,|X|} for which A; can read a; in the current state and the i-th head
has not reached the endmarker yet. If there is no such ¢, the input is rejected. Otherwise, let ig
be the lowest such i. The automaton reads a;,, changes the state according to A;, and moves
the ip-th head to the next occurrence of a;,. When all heads have reached the endmarker, the
input is accepted if and only if the automaton is in an accepting state. Because L; is closed
under permutation, the accepted language is exactly L;. Simulating the n one-way |X|-head
DFAs with endmarker that accept the languages L; for j € {1,2,...,n} simultaneously, we get
a one-way (n - |¥[)-head DFA with endmarker accepting |J;_; L;. 0

4.2 Results for Binary Alphabets

Now, we will investigate MROWJ and related language families for binary alphabets. It turns
out that for some problems we get different or stronger results than for arbitrary alphabets.
From the next theorem it follows that for binary alphabets pCF = JFA, whereas for arbitrary
alphabets it holds pCF C JFA.

Theorem 27. Fach permutation closed semi-linear language over a binary alphabet is accepted
by a counter automaton.

Proof. Let v : {a,b}* — N? be the Parikh-mapping. Since the family of languages accepted by
counter automata is closed under the operation of union and each semi-linear set can be written
as a finite union of linear sets with linearly independent periods by Theorem 2, it suffices to
show that for ¢, d, e, f, g, h € N the language

) A () )

is accepted by a counter automaton. To do so, define the maps M, N : {p,q,r} — N through
M(p) =¢, M(q) =e, M(r) =g, N(p) =d, N(q) = f, and N(r) = h. Let

Q={t}u |J {smnlme{0,1,...,M(s)},ne{0,1,...,N(s)}}

se{p,q,r}

and I' = {L,a,b} and consider the pushdown automaton A given by
A = (Q: {aa b}7 F7 67 p0,0? J—v {t})

22



The map 6 : Q x {a,b,\} x [ — 9@x(Uio ") i given by

§={((t,y.,2),0) | yef{a,b,Al,ze}u |J 4,
s€{p,q,r}

where, for s € {p,q,r}, the map ds, that maps from
{smn|me{0,1,....,M(s)},ne{0,1,...,N(s)} } x {a,b,A\} x I
to 2@ (Uo Fi), is defined as

Js ={ ((smns A, @), {($m+1n, MNP | me{0,1,...,M(s) —1},n € {0,1,...,N(s)} }
U{ ((sm(syms X a),0) | ne{0,1,...,N(s) -1} }

UA{ ((smn, a, ), {(sm+1n, )} | zelLme{0,1,...,M(s) —1},n € {0,1,...,N(s)} }

U{ ((sam(syms @ @) {(sp(s)m-za)}) | @ € {a, L}, n € {0,1,...,N(s)} }
U{ ((sm(s)nsa:0),0) | n€{0,1,...,N(s)} }
U{((smn,A D), {(smmit, V}) | m e {0,1,..., M(s)},n € {0,1,...,N(s) — 1} }
U{ ((Sm,n(s)> A D), 0) | me{0,1,...,M(s) — 1} }
U{((smn, ),{(smn+1, )})|x€Fm€{0,1,..., (s)},ne{0,1,...,N(s) —1}}
U{ ((sm x),{( )|xe{bL}m€{0,1,,M(s)}}
U{((sm ,(Z))\me{o,l,...,M( )}}
U{((SMS 1A z), {(g0,0,2), (ro0, %)}) | = € {a,b} }
), {(q0,0, )(7’00: 1), 1)}

U{( SM(S ),N(s)» AL
(($mns A, L), 0) | (myn) € ({0,1,..., M(s)} x {0,1,...,N(s)}) \ {(M(s),
For s € {p,q,r},w,w’" € {a,b}*,v,0" € I'*,; m,m’ € {0,1,...,M(s)},and n,n’ € {0,1,...

N(s)}}-

with m’ +n' > m+n and (spp, w,v) Fa (Sprp, @', V"), we write (spp, w,v) 7 (S g7, W', V7).
Let s € {p,q,7}. For k € {0,1,...,M(s)} it holds (s0, ), La¥) /* (sg0, A, L), while for
k € {0,1,...,N(s)} we have (s00,\, Lb*) * (sox, A, L). So, for w € {a,b}* and k,£ > 0

we get,
(s0.0,w, La®) /" (sare) v A La) & p(w) = (M(Sj)vd(l—sf ) k) ’
(50,0, w, La%) 7 (snrove) A L) & (w) = :L]Z )
(s0,0,w, LO*) 7™ (sarsyv(sp A La’) & p(w) = S)j—/f>
(s0.0,w, Lb*) 7% (sars)ns), A LV) 0 d(w) = <N(s])\/[(sl2— k) ’

For all w € {a,b}*, z € {a,b}, and k > 0 with

s (N0 Thn)

there is a prefix v of w such that

vt < { (V) 74)

01,0 ZO}

fl,fg 2 0 with €1£2 = 0}.
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This gives us

= ([ 5) ) [sren))

In all situations there are no a’s or no b’s on the stack, so A can be simulated by a counter
automaton, which proves the theorem. O

For binary alphabets we have pROWUJ C pDCF, while for arbitrary alphabets pROWJ is
incomparable to pDCF and to pCF:

Proposition 28. Fach language over a binary alphabet in pROWUJ is accepted by a realtime
deterministic counter automaton.

Proof. Let X be an alphabet with |X| = 2 and L C X* be in pPROWJ. Let A = (Q, X, R, {s}, F)
be a ROWJFA with Lr(A) = L. Extend the partial function R : Q x X — @ to @ x X* in the
natural way. Let the map c¢: @ x X — {0,1} be defined as follows. For ¢ € @ and a,b € X with
a # b we have ¢(q,a) = 1 if and only if there is an n > 0 such that R(q,b"a) is defined. For
g € Qand a,b € ¥ with a # b and ¢(q,a) = 1 let n(q, a) be the lowest n > 0 for which R(q,b"a)
is defined.

Consider the deterministic pushdown automaton

=(QUF Y, YU{Ll}, s, L, F)
where F' = { f' | f € F'} and the partial map
§:(QUF)x (UMD x (ZU{L}) - (QUF) x (Zu{L})*

is defined as follows:

For g € Q\ F and a,b € X with a # b let 6(q,a, 1) = (R (q pr(a:a) ) J_b"(q’“)) if ¢(q,a) = 1.
— For f € F and a,b € ¥ with a # b let §(f',a, L) = (R(/, f,pnfa) ),J_b"(f’a)) if ¢(f,a) =1.
— For f € F we have 6(f,\, L) = (f',L).

— For g € Q and a € X' let §(q,a,a) = (g, \).

For ¢ € Q and a,b € ¥ with a # b let 5(q,a,b) = (R (¢,b"9Ya) , 5™ @9+ if ¢(q,a) = 1.

With induction over |v| one can see that for all v € X* g € Q, a € X, and n > 0 it holds
that if from the configuration (s, v, L) the configuration (g, A\, a™) can be reached with B, then it
holds that there is a permutation x of va™ with R(s,x) = g and that for each m > 0 with m <n
there is a y € X* such that yb is a permutation of va™, the value R(s,y) is defined, and R(s, yb)
is undefined. Because L is closed under permutation, we get L(B) = L. It should be clear that B
can be simulated by a realtime deterministic pushdown automaton by not writing the symbol
that would be located directly above L on the stack, but remembering this symbol in the finite
control of the automaton. Except for the bottom symbol, in all situations there are no two
different symbols on the stack, so B can even be simulated by a realtime deterministic counter
automaton. O

For the family pMROWJ we get the following results. Notice that for arbitrary alphabets
PMROWJ and pCF are incomparable.

Corollary 29. For binary alphabets it holds that pPROWJ C pMROWJ, that pMROWJ is
mcomparable to pDCF, and that pMROWJ C JFA = pCF.
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Proof. The language {w € {a,b}* | |w|s # |wl|p } is contained in the language class pDCF, but
not in pMROW.J, because its Parikh-image is an anti-lattice. The language

L={we{a,b}" [ |w]y = |wla V[w]p =2 [w]q }

is known to be not in pDCF. By Theorem 4 the language L is in pMROWJ as the union of
two languages from pROWJ. For n,m > 0 we have a"b"0™ € L if and only if m € {0,n}. So,
for n,m > 0 with n # m it holds [a™b"]L # [a™b™]L, which gives us that L is not in pROWJ.
We have pMROWUJ C JFA because each language in the first class is semi-linear. O

If the languages do not need to be closed under permutation, we get for binary alphabets
the same inclusion relations between ROWJ, MROWJ, and DCEF as for arbitrary alphabets:

Lemma 30. For binary alphabets ROWJ € MROWJ. The families ROWJ and MROWJ
are both incomparable to DCF over binary alphabets.

Proof. Because of Corollary 29 it suffices to show that there is a language over a binary
alphabet in ROWJ which is not deterministic context free. Consider the ROWJFA A =

({qo’ a1, .- 7QS}7 {a7 b}v Rv {QO}7 {Q47 Q7}) with

R = {qoa = q1,¢1b = ¢2,q2a — ¢3, 30 — G4, qaa — g5, gsb — qu,

q3b — g6, q6b — g7, qra — qg,q3b — g6}

For n,m > 0 we have
goa™™aa O™ graaa™ o™ 02 gua o™
For n > 0 and m > 1 it holds
qoa™™ab O™ gaaba™ "t 02 gga 0™ O" g b™ 26 L
So, we get
L:=Lr(A)N (a"b"a{a,b}) = {a""aa| n>0}U {a”b%ab } n>0}.

It follows L/{aa,ab} = {a"b™ | n > 0,m € {n,2n} }, which is known to be not deterministic
context free. Since DCF is closed under intersection with regular languages and under right

quotient with regular languages, the language Lr(A) is also not deterministic context free. That
proves the lemma. O

Theorems 4, Proposition 16, and Corollaries 19 and 23 imply a characterization of the lan-
guages in pMROWJ over a binary alphabet, which is stronger than the statement for arbitrary

alphabets in Corollary 24, because we do not need to consider disjoint quotients of a language
with a word here.

Corollary 31. Let X be an alphabet with |X| = 2 and L C X* be a permutation closed language.
Then, the following conditions are equivalent:

1. Language L is in pMROWJ.

2. There is ann >0 and Ly, Lo, . .., L, C X* with L1, Lo, ..., L, € pPROWJ and L = |J;-_, L;.

3. There is an n > 0 and permutation closed languages Ly, Lo, ..., L, C X* such that language
L=U;, L; and for alli € {1,2,...,n} the language L; has only a finite number of positive
Myhill-Nerode equivalence classes.
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4.

.
0.

There is a number m > 0, vectors ¢1,€a,...,¢m € N2, and linearly independent sub-
sets Py, Py,..., Py C N2 such that ¢(L) = U;nzl (¢, Pj) and |L(0O,P;)/ EL(O,PJ_)‘ =1,

for each j € {1,2,...,m}.

The Parikh-image of L is a semi-linear set and a quasi lattice.
The Parikh-image of L is a semi-linear set and not an anti-lattice.

From Corollary 31 it follows that each language from pMROWJ over a binary alphabet

is a finite union of permutation closed languages accepted by a realtime deterministic counter
automaton.
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